Manifold Theory 

Peter Petersen 



Abstract. These notes are a supplement to a first year graduate course in 
manifold theory. It includes an alternate definition of a smooth manifold that 
is used to motive all the other basic definitions. 
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CHAPTER 1 



Manifolds 

1.1. Smooth Manifolds 

A manifold, M, is a topological space with a maximal atlas or a maximal smooth 
structure. 

There are two virtually identical definitions. The standard definition is as 
follows: 

Definition 1.1.1. There is an atlas A consisting of maps x a : U a — > R™= such 

that 

1 . U a is an open covering of M. 

2. x a is a homeomorphism onto its image. 

3. The transition functions Xaox^ 1 : xp (U a fl Up) — » x a (U a fl Up) are diffeo- 
morphisms. 

In condition 3. it suffices to show that the transition functions are smooth as 
they are already forced to be homeomorphisms. 

The second definition is a compromise between the first and a more sheaf 
theoretic approach. It is, however, essentially the definition of a submanifold of 
Euclidean space where parametrizations are given as local graphs. 

Definition 1.1.2. A smooth structure is a collection T> consisting of continuous 
functions whose domains are open subsets of M with the property that: For each 
p G M, there is an open ngbd U 3 p and functions x % G V, i = 1, n such that 

1. The domains of x % contain U . 

2. The map x — (x 1 , x n ) : U — > R" is a homeomorphism onto its image 

V c R™. 

3. For each / : O — > R in V there is a smooth function F : x (U n O) — > K such 
that f = FoxonUnO. 

The map in 2. in both definitions is called a c/iart or coordinate system on 
[/. The topology of M is recovered by these maps. Observe that in condition 3. 
F = fox -1 , but it is usually possible to find F without having to invert x. F is 
called the coordinate representation of f and is usually also denoted by /. 

Note that it is very easy to see that these two definitions are equivalent. Both 
have advantages. The first in certain proofs. The latter is generally easier to work 
with when showing that a concrete space is a manifold. It is also often easier to 
work with when it comes to defining foundational concepts. 

Definition 1.1.3. A continuous function / : O — > R is said to be smooth wrt 

V if V U {/} is also a smooth structure. In other words we only need to check that 
condition 3 still holds when we add / to our collection T>. We can more generally 
define what it means for / to be C k for any k with smooth being C°° and continuous 
C°. We shall generally only use smooth or continuous functions. 
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The space of all smooth functions is a maximal smooth structure. We use the 
notation C k (M) for the space of C k functions defined on all of M and £ k (M) for 
the space of / : O — > M where OcMis open and / is C k . 

It is often the case that all the functions in T> have domain M. In fact it is 
possible to always select the smooth structure such that this is the case. We shall 
also show that it is possible to always use a finite collection V. 

A manifold of dimension n or an n-manifold is a manifold such that coordinate 
charts always use n functions. 

Proposition 1.1.4. IfUc K" 1 and Vet" are open sets that are diffeomor- 
phic, then m — n. 

Proof. The differential of the diffeomorphism is forced to be a linear isomor- 
phism. This shows that m = n. □ 

Corollary 1.1.5. A connected manifold is an n-manifold for some integer n. 

Proof. It is not possible to have coordinates around a point into Euclidean 
spaces of different dimensions. Let A n C M be the set of points that have coor- 
dinates using n functions. This is clearly an open set. Moreover if pi — > p and 
Pi € A n then we see that if p has a chart that uses m functions then p - t will also 
have this property showing that m = n. □ 

1.2. Examples 

If we start with M C R fe as a subset of Euclidean space, then we should 
obviously use the induced topology and the ambient coordinate functions x 1 \m '■ 
M — > R as the potential differentiate structure V. Depending on what subset 
we start with this might or might not work. Even when it doesn't there might 
indeed be other obvious ways that could make it work. For example, we might 
start with a subset which has corners, such as a triangle. While the obvious choice 
of a differentiable structure will not work we note that the subset is homeomorphic 
to a circle, which does have a valid differentiable structure. This structure will 
be carried over to the triangle via the homeomorphism. This is a rather subtle 
point and begs the very difficult question: Does every topological manifold carry a 
smooth structure? The answer is yes in dimensions 1, 2, and 3, but no in dimension 
4 and higher. There are also subsets where the induced topology won't make the 
space even locally homeomorphic to Euclidean space. A figure eight 8 is a good 
example. But again there is an interesting bijective continuous map ]R — ^ 8. It 
"starts" at the crossing, wraps around in the figure 8 and then ends at the crossing 
on the opposite side. However, as the interval was open every point on 8 only gets 
covered once in this process. This map is clearly also continuous. However, it is 
not a homeomorphism onto its image. Thus we see again that an even more subtle 
game can be played where we refine the topology of a given subset and thus have 
the possibility of making it a manifold. 

1.2.1. Spheres. The n-sphere is defined as 

S n = {x e R" +1 : \x\ = 1} 

Thus we have n + 1 natural coordinate functions. On any hemisphere — 
{x e S n : ±x l > 0} we use the coordinate system that comes from using the n func- 
tions x? where j ^ i and the remaining coordinate function is given as a smooth 
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expression: 



±x* 



A somewhat different atlas of charts is given by stereographic projection from 
the points ±ej where ej is the usual basis vectors. The map is geometrically given 
by drawing a line through a point ze{z£ M n+1 : z _L a} and ±ej and then check- 
ing where it intersects the sphere. The equator where x 1 = stays fixed, while the 
hemisphere closest to ie, is mapped outside this equatorial band, and the hemi- 
sphere farthest from ±ej is mapped inside the band, finally the map is not defined 
at ±ej. The map from the sphere to the subspace is given by the formula: 

(x =F ej) ± e; 



and the inverse 



lTi 1 



±2 



x = 



1 + 14 

Any two of these maps suffice to create an atlas. But one must check that the 
transition functions are also smooth. One generally takes the ones coming from 
opposite points, say e n+ \ and —e n+ \. In this case the transition is an inversion in 
the equatorial band and is given by 



r' is 

n+l 



1.2.2. Projective Spaces. The n-dimensional (real) projective space 
defined as the space of lines or more properly 1-dimensional subspaces of 
First let us dispel the myth that this is not easily seen to be a subset of some 
Euclidean space. A subspace M C M. n+1 is uniquely identified with the orthogonal 
projection proj M : R n+1 — > R n+1 whose image is M — proj M Orthogonal 
projections are characterized as idempotent self-adjoint linear maps, i.e., in this 
case matrices E <G Mat(„ +1 j x („ +1 ) (R) such that E 2 = E and E* = E. Thus it is 
clear that MP™ C Mat(„ +1 ) X („ +1 ) (R). We can be more specific. If 



pn+l 



{0} 



then the matrix that describes the orthogonal projection onto span {x} is given by 



Ev 



x°x° 
x 1 ^ 



x n x° 



x°x x 
x 1 x 1 



x"x 



x°x n 
x 1 x n 



Clearly E* = E x and as x*x — \x\ 2 we have E 2 = E x and E x x = x. Thus E x is 
the orthogonal projection onto span{x}. Finally note that E x = E y if and only if 
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x = Ay, A ^ 0. With that in mind we obtain a natural differentiable system by 
using the coordinate functions 

\x\ 

If we fix j, and consider the n + 1 functions /*■?' then we have the relationship 

f jj = (f jj ) 2 +J2(f ij ) 2 

This describes a sphere of radius \ centered at the point where f lJ = for i ^ j and 
= g ■ The origin on this sphere corresponds to all points where x J = 0. But any 
other point on the sphere corresponds to a unique element of Oj = {E x : 7^ 0}. 
This means that around any given point in Oj we can use n of the functions / 4J 
as a coordinate chart. The remaining function is then expressed smoothly in terms 
of the other coordinate functions. This still leaves us with the other functions f kl , 
but they satisfy 



/ 



kl _ .f kj f J 



fjj 

and so on the given neighborhood in Oj they are also smoothly expressed in terms 
of our chosen coordinate functions. The more efficient collection of functions 
i < j yield the Veronese map 

(n+2)(r»+l) 

A more convenient differentiable system can be constructed using homogeneous 
coordinates on MP™. These are written \x° : x 1 : • • • : x n ~\ and represent the equiva- 
lence class of non-zero vectors that are multiples of x. The idea is that all elements 
in the equivalence class have the same ratios x % : x 3 ' = ^ on Oj. We can then 
define a differentiable system by using the functions 

fU[x°:x 1 :---:x n ]) = - = ^ 

These have domain Oj and are smoothly expressed in terms of the coordinate 
functions we already considered. Conversely note that on OiHOj the old coordinates 
are also expressed smoothly in terms of the new functions: 

r = (e##) 

On Oj we can use /j, i ^ j as a coordinate chart. The other coordinate 
functions ff can easily be expressed as smooth combinations by noting that on 
Oi n Oj we have 



fk 

k _ JJ_ 

f- 
■'3 



Thus using the obvious coordinate functions works, but it is often desirable to 
use a different collection of functions for a differentiable system. 
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1.2.3. Matrix Spaces. Define Mat^ xm as the matrices with n rows, m columns, 
and rank k. 

The special case where k = n = m is denoted Gl n and is known as the general 
linear group. It evidently consists of the nonsingular nxn matrices and is an open 
subset of all the nxn matrices. As such it is obviously a manifold of dimension n 2 . 

Back to general case. As Mat* xm is a subspace of a Euclidean space we imme- 
diately suspect that the entries will suffice as a differentiable system. The trick is 
to discover how many of them are needed to create a coordinate system. To that 
end, assume that we look at the matrices of rank k where the first k rows and the 
first k columns are linearly independent. If such a matrix is written in block form 

'AC' 
B D 

then we know that B = YA, Y e Mat(„_j,) X fe, C = AX, X e Matfc X ( m _fc), and 
D = Y AX. Thus those matrices are uniquely represented by the invertible matrix 
A and the two general matrices X, Y. Next observe that Y = BA~ X , X = A~ 1 C. 
Thus we can use the nm — (n — k) (to — k) entries that correspond to A, B, C as a 
coordinate chart on this set. The remaining entries corresponding to D are then 
smooth functions of these coordinates as D = BA~ 1 C. 

More generally we define the sets Oi 1 ^....i k .j 1 ,....j k C Mat„ XTO as the rank k ma- 
trices where the rows indexed by i\,...,i k and columns by ji, j k are linearly in- 
dependent. On these sets all entries that lie in the corresponding rows and columns 
are used as coordinates and the remaining entries are smoothly expressed in terms 
of these using the above expression with the necessary index modifications. 

When m = n we can add other conditions such as having constant determinant, 
being skew or self-adjoint, orthogonal, unitary and much more. A particularly nasty 
situation is the Grassmannian of k- planes in K™. These are as indicated the k- 
dimensional subspaces of R n . When k = 1 we then return to the projective spaces. 
As such they are represented as the subset 

Gr k (R n ) = {fie Mat£ xn : E 2 — E and E* = e} 
If X e Mat ? fe ixfe , then 

E x = X (X*Xy 1 X* e Gr k (R n ) 

Moreover, Ex = Ey if and only if X = YA where A <G Gl k . The question now 
is if we learned anything else useful from constructing coordinates on projective 
space. We define sets O^,...,^ C Gr^ (R n ) with the property that the rows of 
E corresponding to the indices ii,...,ik are linearly independent. As E is self- 
adjoint the corresponding columns are also linearly independent. If E = Ex, then 
corresponds the X € Mat^ xfe where the rows indexed by ii,...,ik are 
linearly independent. We can then consider the matrix Ax € Glk which consists of 
those rows from X. Then the remaining rows in XA X X parametrize Ex = E XA -i. 
To see this more explicitly assume that the first k rows are linearly independent. 
Then we can use 

, Z g Mat(„_ fe ) xfe 
and 

I k + Z*Z (I k + Z*Z)Z* 
Z(I k + Z*Z) Z(I k + Z*Z)Z* 




E = 



A 


C 




B 


D 
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Thus we should use the functions coming from the entries of BA~ 
dinates on 0\ k- With that choice we clearly get that the entries are smoothly 
expressed in terms of these coordinates. But that is not really what we wish to 
check. However, the types of coordinate functions we are considering are in turn 
smoothly related to the entries of E so in a somewhat backward way we have worked 
everything out without having done any hard work. 

1.2.4. Tangent Spaces to Spheres. The last example for now is somewhat 
different in nature and can easy be generalized to manifolds that come from subsets 
of Euclidean space where standard coordinate functions give a differentiable system. 

We'll consider the set of vectors tangent to a sphere. By tangent to the sphere 
we mean that they are velocity vectors for curves in the sphere. If c : / — > S n , then 
|c| 2 = 1 and consequently cc = (c|c) = 1. Thus the velocity is always perpendicular 
to the base vector. This means that we are considering the set 

TS n ~ {(x,v) e x R n+1 :\x\ = l and (x\v) = 0} 

Conversely we see that for (x,v) G TS n the curve 

c(t) = x cos t + v sin t 

is a curve on the sphere that has velocity v at the base point x. Now suppose that 
we are considering the points x £ with ±x j > 0. We know that on this set we 
can use x l , i ^ j as coordinates. And it would seem imminently plausible that we 
could similarly use v l , i =/= j for the vector component. We already know that we 
can write x J as a smooth function of i ! , i ^ j. So we now have to write as a 
smooth function of v l and x k . The equation (x\v) = tells us that 



X3 

so this is certainly possible. 

This wouldn't help us in the general case where we might be considering tangent 
vectors to a general M. For simplicity assume that x n+1 — F (x 1 , ...,x"). If c is a 
curve, then we also have c n+1 (t) = F (c 1 (t) , c" (t)). Thus 

r)F 

This means that for the tangent vectors 

ox % 

Thus we have again written v n+1 as a smooth function of our chosen coordinates 
given that x" +1 is already written as a smooth function of x 1 , ...,x n . 

This argument is general enough that we can use it to create a differentiable 
structure for similarly defined tangent spaces TM for M m C W 1 where we used the 
n-coordinate functions from R" to generate the differentiable structure on M. The 
only difference is that we'll have n — m functions to describe n — m coordinates 
on any given set where we've use a specific set of m coordinates as a chart. For 
instance 

X J = F j (x\...,x m ) , j > m 
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yields 



2^ ^~T V ^ 3 > m 



i=l 



dx l 



1.3. Topological Properties of Manifolds 

The goal is to show that we can construct partitions of unity on smooth mani- 
folds. This means that we have to start by showing that the space is paracompact. 
The simplest topological assumptions for this to work is that the space is second 
countable and Hausdorff (points can be separated by disjoint open sets). For a 
manifold, as defined above, this means that the topology will henceforth be as- 
sumed to be second countable and Hausdorff. The Hausdorff property is essential 
for much that we do, but it will also seem as if we rarely use it explicitly. Two 
essential properties come from the Hausdorff axiom. First, that limits of sequences 
are uniquely defined. Second, that compact subsets are closed sets and thus have 
complements that are open. 

Checking that the topology is second countable generally follows by checking 
that the space can be covered by countably many coordinate charts. Clearly open 
subsets of W 1 are second countable. So this means that the space is a countable 
union of open sets that are all second countable and thus itself second countable. 

Checking that it is Hausdorff is generally also easy. Either two points will lie 
the same chart in which case they can easily be separated Otherwise they'll never 
lie in the same chart and one must then check that there are small charts around 
the points whose domains don't intersect. 

We now proceed to the constructions that are directly related to what we shall 
later use. 

Theorem 1.3.1. A smooth manifold has a compact exhaustion and is paracom- 
pact. 

PROOF. A compact exhaustion is an increasing countable collection of compact 
sets K\ C Ki C • • • such that M = UKi and Ki C inti^+i for all i. 

First we should that open sets O in R" have this property. Around each p e O 
select an open neighborhood U p such that the closure is compact and U p C O. 
Since O is second countable (or just Lindelof ) we can select a countable collection 
U Pi that covers O. Define K\ — U Pl and given K t let K i+ i = U Pl U • • • U U Pn where 
pi, ...,p n are chosen so that n > i and Ki C U Pl U • • • U U Pn . 

By definition M is a countable union of open sets that have exhaustions, i.e., 
there are compact sets Kij where for fixed j Ki_j, i = 1,2,3... are an exhaustion 
of Oj, and Oj is an open covering. The desired exhaustion is then given by = 

To show that the space is paracompact let Vi = mt Ki — Ki_\. Then Cj = Vi 
are compact "annuli" with d n Cj = when \i — j\ > 1. Extend this to a covering 
of open sets Ui = Vi-\ U Vi U V^+i and note that Ui DUj — when \i — j\ > 4. 
In other words these are locally finite covers. Given an open cover B a we can 
consider the refinement B a n Ui. For fixed i we can then extract a finite collection 
of B a D Ui that cover the compact set Vi. This leads to a locally finite refinement 
of the original cover. □ 

The fundamental lemma we need is a smooth version of Urysohn's lemma. 
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Lemma 1.3.2. (Smooth Urysohn Lemma) If M is a smooth manifold and 
Cq,C\ C M are disjoint closed sets, then there exists a smooth function f : M — > 
[0, 1] such that C = f- 1 (0) and d = f' 1 (1) . 

Proof. First we claim that for each open set O C M there is a smooth function 
/ : M -> [0, oo) such that M-0 = / _1 (0) . 

We start by proving this in Euclidean space. First note that for any open cube 

O = (ai,6i) x • • • x (a n ,b n ) 

there is a bump function R n — > [0, oo) that is positive on O and vanishes on the 
complement. Next write a general open set O as a union of open cubes such that 
for all p e O there is a neighborhood U that intersects only finitely many open 
cubes. Using bump functions on each of the cubes we can then add them up to get 
a function that is positive only on O. 

Next note that ii U C M is open and admits a chart, then this construction 
gives us a function that is positive on U. If we extend this function to vanish 
on M — U we certainly obtain a continuous function. Since all partial derivatives 
converge to zero as we approach the boundary of U this also becomes a smooth 
function. 

More generally we can now cover any open set O C M by a locally finite cover 
of charts. On each chart construct a function as just explained and then add all of 
these functions to obtain a smooth function that is positive on O and vanishes on 
M — O. 

Finally, the Urysohn function is constructed by selecting fa : M — > [0, oo) such 
that ff 1 (0) = Ci and defining 

f (x ) = f°M 

This function is well-defined as CoflCi =0 and is the desired Urysohn function. □ 

We can now easily construct the partitions of unity we need. 

Lemma 1.3.3. Let M be a smooth manifold. Any countable locally finite cov- 
ering U a of open sets has partition of unity subordinate to this covering, i.e., there 
are smooth functions 4> a : M — > [0, 1] such that (j)^ 1 (0) = M — U a and 1 = J2 a ^a- 

Proof. The previous result gives us functions X a : M — > [0, 1] such that 
•^a 1 (0) — M — U a . As the cover is locally finite the sum ^ Q X a is well-defined. 
Moreover it is always positive as U a cover M. We can then define 

□ 

PROPOSITION 1.3.4. If U C M is an open set in a smooth manifold and f : 
U — > R" is smooth, then Xf defines a smooth function on M if X : M — > R is 
smooth and vanishes on M — U. 

PROOF. Clearly Xf is smooth away from the boundary of U. On the boundary 
A and all it derivatives vanish so the product rule shows that Xf is also smooth 
there. □ 



Finally, we can use this to show 
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Proposition 1.3.5. A smooth manifold admits a proper smooth function. 

PROOF. Select a compact exhaustion K\ C if 2 C • • • , where each Ki is 
compact, Ki C intifj+i, and M — [jKi. Choose Urysohn functions fa : M — > [0, 1] 
such that fa (Ki_i) — and fa (M — int-ffj) = 1. Then consider p — ^fa. □ 

We finish by mentioning two interesting results that help us understand when 
topological spaces are metrizable and when metric spaces have compact exhaus- 
tions. It should also be mentioned that if we use the topology on R generated by 
the half open intervals [a, b) then we obtain a paracompact space that is separable 
but not second countable and not locally compact (51 in [Steen & Seebach]). 

Theorem 1.3.6. A connected locally compact metric space has a compact ex- 
haustion. 

PROOF. Assume (M, d) is the metric space. For each x G M let r (x) = 
sup jr I B (x,r) is compact j. If r (x) = 00 for some x we are finished. Otherwise 
r (x) is a continuous function, in fact 

\r(x)-r(y)\ < d(x,y) 

since 

r(y) < d(x,y)+r(x) 

and 

r(x) < d(x,y) + r(y) 

We now claim that for a fixed compact set C the set C# = {x G M \ 3z G C : d (x, z) < \r (z) } 
is also compact and contains C in its interior. The latter statement is obvious since 
B (x, \r (x)) C C # for all x € C. Next select a sequence Xi <G C# and select 
Zi e C such that d(xi,Zi) < \r{zi). Since C is compact we can after passing to 
a subsequence assume that z% — > z G C and that (2, Zj) < (z) for all i. Then 
c?(z,a;i) < d(z,Zi) + d(zi,Xi) < \r [z) + ^r(zi). Continuity of r (zt) then shows 

that Xi G B (2, |r (z)) for large i. As _B (z, |r (z)) is compact we can then extract 
a convergent subsequence of Xj. 

Finally consider the compact sets Ki + \ — Kf where K\ is any non-empty 
compact set. We claim that UiKi is both open and closed. The set is open since 
B (x, \r (x)) C Kf = Ki + i for any x G Ki. To see that the set is closed select a 
convergent sequence x n G Uj-fQ and let x be the limit point. We have r (x n ) — > r (x) 
and (xj, x) -> 0. So it follows that for large n we have x G B (x„, |r (x„)) showing 
that x G if* if x n E Ki. So the fact that M is connected shows that it has a 
compact exhaustion. □ 

Corollary 1.3.7. A second countable locally compact metric space has a com- 
pact exhaustion and is paracompact. 

Proof. There are at most countably many connected components and each of 
these has a compact exhaustion. We can then proceed as above. □ 

The Urysohn metrization theorem asserts that a second countable normal Haus- 
dorff space is metrizable. The proof of this result is remarkably simple. 

Theorem 1.3.8. A second countable normal Hausdorff space is metrizable. 
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Proof. We shall only use that the space is completely regular. In fact Ty- 
chonoff 's Lemma shows that a regular Lindelof space is normal. So it suffices to 
assume that the space is second countable and regular. There are second countable 
Hausdorff spaces that are not regular (79 in [Steen & Seebach]). Note that such 
spaces can't be locally compact. 

The key is to use that the Hilbert cube: x^/j where 7, = [0,1] is a metric 
space with distance 

d((xi),(yi)) = J2 2 ~ i \ x i-V*\ 

i 

The goal is then simply to show that our space is homeomorphic to a subset in the 
Hilbert cube. 

Choose a countable collection of closed sets C such that their complements 
generate the topology of M. Enumerate the all pairs (d,Fi) eCxC with d C 
int-Fj = 0, and for each such pair select a function fa : M — > [0, 1] such that 
4>i (C») = and fa (M - intFj) = 1. Then we obtain a map $ : M -> xg^/j by 
$(x) = x?l 1 fa(x). 

This map is injective since distinct points can be separated by open sets whose 
complements are in C. Next we show that for each C G C the image $ (C) is closed. 
Consider a sequence c„ G C such that $ (c„) — > Note that for any fixed 

index we then have fa (c„) — > fa (x). If x C, then we can find a pair (Cj,Fj) 
where x G M — inti^. Therefore, (c„) = and fa (x) — 1, which is impossible. 
Thus x G C and $ (.t) g $ (C). This shows that the map is a homeomorphism onto 
its image. 

An explicit metric on M can given by 

d(x,y) = J2 2 ~ l \^ Ml 

□ 

1.4. Smooth Maps 

A map F : M — > N between spaces has a natural dual or pull back that takes 
functions defined on subsets of N to functions defined on subsets of M. Specifically 
if/:4cJV4l then F* (/) = / o F : F^ 1 (A) C M -> R. Here it could 
happen that (A) = 0. Note that if F is continuous then its pull back will map 
continuous functions on open subsets of N to continuous functions on open subsets 
of M. Conversely if N is normal, and the pull back takes continuous functions to 
continuous functions, then it will be continuous. To see this fixOclV that is open 
and select a continuous function A : TV — >• [0,oo) such that A -1 (0,oo) = O. Then 
(A o Fy 1 (0, oo) = F- 1 (O) and is in particular open as we assumed that A o F was 
continuous. 

Definition 1.4.1. A mapF : M -> N is said to be smooth if F* takes smooth 
functions to smooth functions, i.e., F* (N)) C £°° (M). 

Proposition 1.4.2. Let F : M ^ N be continuous then the following condi- 
tions are equivalent: 

1. F is smooth. 

2. If V is a differentiable structure on N, then F* (V) C C 00 (M). 
5. F* (C°° (AT)) C C°° (M). 
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4- If x a : U a — > M m is an atlas for M and yp : Vp — > R" an aiZas /or TV, t/ien 
£/ie coordinate representations y a o F o x^ 1 are smooth when- and where-ever they 
are defined. 

Definition 1.4.3. The rank of a smooth map at p E M is denoted rank p F and 
is defined as the rank of the differential D (y o F o at x (p). This definition is 
independent of the coordinate systems we choose due to the chain rule and the fact 
that the transition functions have nonsingular differentials at all points. 

Definition 1.4.4. We say that F is a diffeomorphism if it is a bijection and 
both F and F~ x are smooth. 

Proposition 1.4.5. Let y : U -> R m be smooth where U C M is an open sub- 
set. 7/rank p y = dimM = m, then y is a chart on a neighborhood of p. Moreover, if 
rank p y = m < dimM, then it is possible to select coordinate functions y m+1 , y n 
such that y 1 ,—,y n form coordinates around p. 

Proof. This follows from the inverse function theorem. Select a chart x : V — > 
W n on a neighborhood of p and consider the smooth map yox^ 1 : x (U D V) — > K m . 
By the definition of rank the map has nonsingular differential at x (p) and must 
therefore be a diffeomorphism from a neighborhood around x (p) to its image. This 
shows in turn that y is a diffeomorphism on some neighborhood of p onto its image. 

For the second claim select an arbitrary coordinate system z 1 , z n around p. 
Then the map (y o z~ x , z 1 , z n ) has a differential at z (p) that looks like 

" D(yoz- 1 ) ' 

where /„ is the identity matrix and D (y o has linearly independent rows. We 
can then use the replacement procedure to eliminate m of the bottom n rows so 
as to get a nonsingular n x n matrix. Assuming after possibly rearranging indices 
that the remaining rows are the last n — m rows we see that (y o z" 1 , z m+1 , z n ^j 
has rank n at p and thus forms a coordinate system around p. □ 

Definition 1.4.6. We say that F is an immersion if rank^f = dimM for 
every p £ M. 

PROPOSITION 1.4.7. For a smooth map F : M -> N the following conditions 
are equivalent: 

1. F is an immersion. 

2. For each p E M there are charts x : U -> R m and y : V — >• R n with p E U 
and F (p) £ V such that 

yoFox- 1 (x\...,x m ) = (x\...,x m ,0,...,0) 

3. If D is a differentiate structure on N then F* (T>) is a differ entiable struc- 
ture on M. 

Proof. It is obvious that 2 implies 1. For 1 implies 2. Select coordinates 
z : U — > R m around p and x : V — > K" around F (p) E N . The composition 
x o F o z~ x has rank m at z (p). After possibly reordering the indices for the x- 
coordinates we can assume that (x 1 , ...,x m ) o F o z~ x also has rank m at z (p). 
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But this means that it is a diffeomorphism on some neighborhood around z (p). 
Consequently x = (a; 1 , ...,x m ) o F is a chart around p. Consider the functions 

y l = x\ i = 1, m 

y i = i'-fofo^ 1 (i 1 r .. 1 f") 1 i>m 

These are defined on a neighborhood of F (p) and when i > m we have 

i i oF-i i oJ?oi- 1 (i 1 oF,...,j; m oJ?) =0 

So it remains to check that they are coordinates at F (p) . After composing these 
functions with x~ x the differential will have a lower triangular block form 

' I m 

* In—m 

where the diagonal entries are the identity matrices on first m and last n—m coordi- 
nate subspaces. This shows that they will form coordinates on some neighborhood 
of F(p). 

As 1 and 2 are equivalent we can now use the proof that 1 implies 2 to show 
that if 1 or 2 hold then 3 also holds. 

Conversely assume that 3 holds. Select coordinates z % — y % o F around p where 
y l GT>. The chart z has rank m at p, so it follows that the corresponding smooth 
map y must have rank at least m at F (p). However, the rank can't be greater than 
m as it maps into R m . We can now add n — m coordinate functions z' L from some 
other coordinate system around F (p) so as to get a map (y 1 , ...,y m , z m+1 , ...,z n ) 
that has rank n at F (p). These coordinate choices show that 1 holds. □ 

Definition 1.4.8. We say that F is an embedding if it is an immersion, injec- 
tive, and F : M — » F (M) is a homeomorphism, where the image is endowed with 
the induced topology. 

PROPOSITION 1.4.9. For a smooth map F : M -> N the following conditions 
are equivalent: 

1. F is an embedding. 

2. F* (€°° (N)) = £°° (M), i.e., F* is surjective on smooth functions. 

PROOF. Start by assuming that 2 holds. Given p,q g M select / g €°° (M) 
such that f(p) ^ f(q). Then find g g £°° (N) such that / = g o F. Then 
g (F (p)) g (F (q)) showing that F is injective. To see that the topology of 
M agrees with the induced topology on F (M) select an open set O g M and 
A : M -> [0, oo) such that A" 1 (0, oo) = M — O. Select fi:[/cJV^t such that 
A = fio F. Note that F (N) C U as A is defined on all of M. We can then conclude 
that 

Li- 1 (0, oo) n F (M) = (fio Fy 1 (0, oo) = F (A" 1 (0, oo)) = F (O) 

Finally select coordinates x around p g M and write x % — y' 1 o F for smooth 
functions on some neighborhood of F (p). The composition yoFox^ 1 has rank m 
at x (p). So the map Fox^ 1 must have rank at least m at x (p). However, the rank 
can't exceed m so this shows that r&nk p F — m and in turn that F is an immersion. 

Conversely assume that F is an embedding and / : O C M — > R a smooth 
function. We can then find an open set U C N such that F (O) = F (TV) D U. Next 
select charts x a : O a —> R m and y a : U a —¥ W 1 such that yaoFox^ 1 (x) = (x, 0, .., 0) 
and O = L)O a . By intersecting U a with U we can also assume that in fact U = UZ7 a 
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and also that Finally assume that these covers are locally finite so that we can 
also choose partitions of unity A Q for O a and [i a for U a . On each U a we can 
define g a such that g a o y~ x (a 1 , .., a") = /oi a 1 {(i 1 ! ... 1 (i m ). We can then define 
g = J2 a ^a9a- This gives us a function on U. Moreover as F is injective it also 
follows that g o F = f. □ 

Corollary 1.4.10. // F : M ->• TV is an embedding such that F (M) C TV is 
closed, then F* (C°° (TV)) = C°° (M). 

Proof. The only additional item to worry about is that the function g we just 
constructed cannot be extended to TV and still remain fixed on F(M). When the 
image is a closed subset this is easily done by finding a smooth Urysohn function 
v that is 1 on F (M) and vanishes on TV — U. The function vg is then a smooth 
function on TV that can be used instead of g. □ 

Definition 1.4.11. We say that F is a submersion if rank p F = dim TV for all 
p e M. 

Proposition 1.4.12. For a smooth map F : M -> TV the following conditions 
are equivalent: 

1. F is a submersion. 

2. For each p E M there are charts x : U -> R m and y : V — >• R n with p E U 
and F (p) eV such that 

yoFox- 1 (x\...,x m ) = (x\...,x n ) 

Proof. It is clear that 2 implies 1. 

Assume that 1 holds and select a chart y around F (p) . Then y o F has rank 
n at p. We can then supplement with m — n coordinate functions x l from any 
coordinate system around p such that x 1 — y 1 o F, x n — y n o F, x n+1 , ...,x m are 
coordinates around p. This yields the desired coordinates. □ 

Finally we have a few useful properties. 

PROPOSITION 1.4.13. Let F : M m -> N n be a smooth map. 

1. If F is proper, then it is closed. 

2. If F is a submersion, then it is open. 

3. If F is a proper submersion and N is connected then it is surjective. 

Proof. 1. Let C C M be a closed set and assume F (xi) — > y, where Xi E C. 
The set {y, F (xi)} is compact. Thus the preimage is also compact. This implies 
that {x^ has an accumulation point. If we assume that Xi j — > x E C, then 
continuity shows that F (x^) -> F (x) . Thus y = F (x) E F (C) . 

2. Consequence of local coordinate representation of F. 

3. Follows directly from the two other properties. □ 

Corollary 1.4.14. Let F : M -> TV be a submersion. If f : O E F (TV) — > M 
is a function on an open set such that f o F is smooth then f is smooth. 

Proof. Smoothness is clearly a local property so we can confine ourselves to 
functions that are defined on the coordinate systems guaranteed from 2 in the above 
characterization of submersions. But then the claim is obvious. □ 

We say that F is nonsingular on M if it is both a submersion and an immersion. 
This is evidently equivalent to saying that it is locally a diffeomorphism. 
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1.5. Submanifolds 



A subset S C M is a subnianifold if it admits a topology such that the re- 
striction of the differentiable structure on M to S is a differentiable structure. The 
dimension of the structure on 5* will generally be less than that of M unless S is 
an open subset with the induced topology. Note that the topology on S can be 
different from the induced topology, but it has to be finer as we require all smooth 
functions on M to be smooth on S. In this way we see that a submanifold is in 
fact the image of an injective immersion. 



1.6.1. Motivation. Let us start by selecting a countable differentiable system 
{/*}; i — 1,2, ... of functions /' : M — > R. To find such a system we invoke 
paracompactness, partitions of unity, extensions of smooth function etc from above. 

Tangent vectors are supposed to be tangents or velocities to curves on the man- 
ifold. These vectors have as such no place to live unless we know that the manifold 
is in Euclidean space. In the general case we can use the countable collection f l of 
smooth functions coming from a differential structure to measure the coordinates 
of the velocities by calculating the derivatives 



for a smooth curve c : I — > M. Thus a tangent vector v € TM looks like a 
countable collection v l of its coordinates. However, around any given point we 
know that there will be n coordinate functions, say J 1 ,...,/™, that yield a chart 
and then other smooth functions F J , j > n such that = F- 7 (/*, .. .,/"). Thus 
we also have the relations 



In other words the n coordinates v 1 ,...,v n determine the rest of the coordinate 
components of v. Note that at a fixed point p, the tangent vectors v G T p M form 
an n-dimensional vector space, which is an n-dimensional subspace of a fixed infinite 
dimensional vector space. Moreover, this tangent space is well-defined as the set of 
vectors tangent to curves going through p and is thus not dependent on the chosen 
coordinates. However, the coordinates help us select a basis for this vector space 
and thus to create suitable coordinates that yield a differentiable structure on TM. 

As it stands the definition does depend on our initial choice of a differentiable 
system. To get around this we could simply use the entire space of smooth functions 
C°° (M) to get around this. This is more or less what we shall do below. 

1.6.2. Abstract Derivations. The space of all smooth functions £°° (M) is 
not a vector space as we can't add functions that have different domains especially 
if these domains do not even intersect. If we fix p € M, then we can consider the 
subset £ p (M) C £°° (M) of smooth functions whose domain contains p. Thus any 
two functions in € p (M) can now be added in a meaningful way by adding them 
on the intersection of their domains and then noting that this is again an open set 
containing p. Thus we get a nice and very large vector space of smooth functions 
defined on some neighborhood of p. To get a logically meaningful theory this space 
is often modified by considering instead equivalence classes of function in € p (M), 
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the relation being that two functions that are equal on some neighborhood of p 
are considered equivalent. This quotient space is denoted $ p (M) and the elements 
are called germs of functions at p. This is not unlike the idea that the space of 
L 2 functions is really supposed to be a quotient space where we divide out by the 
subspace of functions that vanish almost everywhere. 

Now consider a curve c : / — > M with c(t ) = p. The goal is to make sense 
of the velocity of c at i . If / € € p (M), then foe measures how c changes with 
respect to /. If / had been a coordinate function this would be the corresponding 
coordinate component of c in a chart. Similarly the derivative j(/oc) measures 
the change in velocity with respect to /, i.e., what should be the /-component of 
the velocity. 

Definition 1.6.1. The velocity c(io) of c at to is the map 

£ p (M) R 

f H- |(/°<0(*o) 

Thus c (to) is implicitly defined by specifying its directional derivatives 

Dc(t )f=j t {foc) (t ) 
for all smooth functions defined on a neighborhood of p = c(to)- 

Definition 1.6.2. A derivation at p or on € p (M) is a linear map D : <L P (M) -» 
R that is also satisfies the product rule for differentiation at p: 

D(fg) = D(f)g(p) + f(p)D(g) 

There is an alternate way of defining derivations as linear functions on £ p (M). 
Let £° {M) C € p (M) be the maximal ideal of functions that vanish at p and 

(C° (M)) 2 C £° (M) the ideal generated by products of elements in £° (M). 

Lemma 1.6.3. The derivations at p are isomorphic to the subspace of linear 
maps on £° (M) that vanish on (£° (M)) 2 . 

Proof. If D is a derivation, then the derivation property shows that it vanishes 
on (£p (M)) . Furthermore, it also vanishes on constant functions as linearity and 
the derivation property implies 

D (c) = cD (1) = cD (1 • 1) = c {D (1) + D (1)) 

Conversely, any linear map D on £ p (M) that vanishes on (M)) 2 defines 
a unique linear map on € p (M) by defining it to vanish on constant functions. If 
/, <? G £ p (M), then we have 

= D((f-f(p))(g-f(p))) 

= D(fg)-f (p) Dg -g(p)Df + D(f (p) g (p) ) 
= D(fg)-f(p)Dg-g(p)Df 
showing that it is a derivation. □ 
Next we show that derivations exist. 

PROPOSITION 1.6.4. The map / 4j(/oc) (to) is a derivation on € p (M). 
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PROOF. That it is linear in / is obvious from the fact that differentiation is 
linear. The derivation property follows from the product rule for differentiation: 

j t (tfg) ° c) (t ) = (± (/ o c) (t )) (9 o c) (t ) + (/ o c) (t ) j t (g o c) (t ) 

□ 

Definition 1.6.5. The tangent space T P M for M at p is the vector space of 
derivations on <L p (M). 

PROPOSITION 1.6.6. If p e J7 C M, w/iere f7 is open, t/ien T p {7 = T p M. 

Proof. We already saw that derivations must vanish on constant function. 
Next consider a function / that vanishes on a neighborhood of p. We can then find 
A : M — > R that is 1 on a neighborhood of p and A = on the complement of the 
region where / vanishes. Thus A/ = on M and 

= D (A/) = D (A) / (p) + A (p) £> (/) = £> (/) 

This in turns shows that if two functions /, g agree on a neighborhood of p, then 
D (/) = D (g). This means that a derivation D on £ p (M) restricts to a derivation 
on £ p (£/) and conversely that any derivation on € p (U) also defines a derivation on 
<L P (M). This proves the claim. □ 

We are now ready to prove that there are no more derivations than one would 
expect. 

Lemma 1.6.7. The natural map R n -> T R n that maps v to D v f = (tv) | t=0 
is an isomorphism. 

Proof. The map is clearly linear and as 

D v x L = v l 

it follows that its kernel is trivial. Thus we need to show that it is surjective. This 
claim depends crucially on the fact that derivations are defined on C°° functions. 
The key observation is that we have a Taylor formula 

f(x) = f(0)+x i f i (x) 

where fa are also smooth and (0) = (0). These functions are defined by 

and the result follows from the fundamental theorem of calculus and the chain rule 

!(/(<*»- «<!;<<*) 

Now select an abstract derivation D e T a R n and observe that 

D if) = D (f (0)) + D (x l ) ft (0) + 0D (fi) = (0) D (x*) 

So if we define a vector v = (D (x 1 ) , D (i™)), then in fact 

D(f) = D v (/) 

□ 
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Remark 1.6.8. The space of linear maps on C k (M™), 1 < k < oo that satisfy 
the product rule 

D(fg) = D(f)g(0) + f(0)D(g) 

is infinite dimensional! Note that it suffices to show this for n = 1. Next observe 
that if Z C C k (R) is the subset of functions that vanish at 0, then we merely need 
to show that Z/Z 2 is infinite dimensional. To see this first note that if / is C° and 
g e Z then fg is differentiable with derivative / (0) g' (0) at 0. This in turn implies 
that functions in Z 2 are not only C k but also have derivatives of order k + 1 at 
0. However, there is a vast class of functions in Z that do not have derivatives of 
order k + 1 at 0. 

1.6.3. Concrete Derivations. To avoid the issue of crucially using C°° func- 
tions we give an alternate definition of the tangent space that obviously gives the 
above definition. 

Definition 1.6.9. T p M is the space of derivations that are constructed from 
the derivations coming from curves that pass through p. 

Without the above result it is not obvious that this is a vector space so a little 
more work is needed. 

Proposition 1.6.10. Let x , ...,x n be coordinates on a neighborhood ofp, then 
two curves Ci passing through p at t = define the same derivations if and only if 
for all i = 1, n 

d (^ oc (Q) = d (g ° c ?) (0) 

dt dt 

Proof. The necessity is obvious. Conversely note that any / e € p (M) can 
be expressed smoothly as / = F (x 1 , x n ) on some neighborhood of p. Thus 

d(/°ci) (()) = d(F(x 1 oc 1 ,...,x n oc 1 )) (Q) 



dt ' dt 

dF d (x l o ci) 
dx l dt 
dF d (x l o c 2 ) 



dx l dt 
d ( f o c 2 



(0) 
(0) 



dt 



(0) 



□ 



PROPOSITION 1.6.11. The subset of derivations on € P (M) that come from 
curves through p form a subspace. 

Proof. First note that for a curve c through p we have 

a d{f f c) (0) = d(/ °f )(Qt) (0) 
dt y ' dt w 

so scalar multiplication preserves this subset. 

Next assume that we have two curves a and select a coordinate system x % 

around p. Define 



c = x 



1 (a; 1 o ci + x 1 o c 2 , x n o c\ + x n o c 2 ) 
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where x is the inverse of the chart map x : U — > V C W 1 . Then 

x % o c — x l o a + x l o c 2 

so 

d(foc) = d(fo Cl ) d(foc 2 ) . . 

dt K ' dt { ' dt y ' 

showing that addition of such derivations also remain in this subset. □ 

Definition 1.6.12. The velocity of a curve c : / -> M at i is denoted by 
c (to) € T c ( 4o )M and is the derivation corresponding to the map: 

As any vector v € T p M can be written as u = c (to) we can also define the directional 
derivative of / by 

1.6.4. Local Coordinate Formulas, Differentials, and the Tangent 
Bundle. Finally let us use coordinates to specify a basis for the tangent space. 
Fix p S M and a coordinate system x % around p. For any / <E €. p (M) write 
/ = F (x 1 , ...,x n ) and define 

df_ _ dF_ 

dx l dx l 

The map / — > ^ (p) is a derivation on €. p (M). We denote it by \ p . These 
tangent vectors in fact form a basis as we saw that 

D{f)=D{x i )^ i \ p 

i.e., 

and the components v % are uniquely determined. Moreover, as 

difo4 81 d(x^c) 

dt lUj dx^ p dt [U) 

we also get this as a natural basis if we stick to curves. 

Definition 1.6.13. The cotangent space T*M to M at p e M is the vector 
space of linear functions on T p M. Alternately this can also be defined as the 

quotient space €. p (M) / (M)) without even referring to tangent vectors. 
Using coordinates we obtain a natural dual basis dx l satisfying 

d.r { i^l = 8) 



In particular we see that 

d_ 

dxl 

calculates the i th coordinate of a vector. 



8xi J 

dx % (v) = dx l ( v j 



1.7. WHITNEY EMBEDDINGS 



22 



We also obtain a great set of transformation laws when we have another coor- 
dinate system y l around p. 



and 



d dxi d 
dy l dyi dxi 



Here the matrices 



7)71 



and 



have entries that are functions on the common 



domain of the the charts and they are inverses of each other. These are also the 
natural transformation laws for a change of basis as well as the change of the dual 
basis. 

The differential d also has a coordinate free definition. Let / e £ p (M), then 
we can define df e T*M by 

df{v) = DJ= d ^{Z) 
if c is a curve with c (0) = v. In coordinates we already know that 

df (v) = ^-v l 
J w dx l 



so in fact 



df = ^dx l 
ox 1 



This shows that our definition of dx l is consistent with the more abstract definition 
and that the transformation law for switching coordinates is simply just the law of 
how to write a vector or co-vector out in components with respect to a basis. 

It now becomes very simple to define a differentiable structure on the tangent 
bundle TM. This space is the disjoint union of the tangent spaces T p M where 
p e M. There is also a natural base point projection p : TM — > M that takes a 
vector in T p M to its base point p. Starting with a differential system for M, 
we obtain a differentiable system {/ l o p,df 1 } for TM. Moreover when J 1 ,..,/™ 
form a chart on U C M, then f 1 op, ...,/" op, df 1 , df n form a chart on TU. This 
takes us full circle back to our preliminary definition of tangent vectors. 

1.6.5. Derivatives and Vector Fields. Define DF and X including Lie 
Brackets. 



1.7. Whitney Embeddings 

The goal is to show that any manifold is a proper submanifold of Euclidean 
space. 

Theorem 1.7.1. (Pre- Whitney Embedding) If M m is covered by finitely many 
coordinate charts, then it admits a proper embedding into Euclidean space R™ for 
some n » m. 

Proof. Cover M by a finite number of coordinate charts Fi : Ui — > W n , 
i = 1,...,N. Next select bump functions \ : M — > [0,1] such that A^ 1 (0) = 
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M — Ui. Then A;F^ define smooth functions on M. Finally select a proper function 
p : M — > [0, oo). We can then consider the smooth map 

F : M^Rx (R m ) N x R N 
F(x) = (p(x),X 1 (x)F 1 (x),...,X N (x)F N (x),X 1 (x),...,X N (x)) 

This is our desired embedding. First we show that it is injective and that the 
differential is injective. 

If F (x) = F (y) , then Aj (x) = Aj (y) for all i. Selecting i so that Aj (x) > 
then shows that Fj (x) = Fi (y) . This shows that x — y as Fi is bijective. 

If Of (w) = FJ>F (w) for u, to e T p M, then again dA 4 (u) = dXi (w) . The product 
rule implies 

D (XiFi) \ p = (dX t ) \ p Fi (p) + A, (p) DFjl,, 
Selecting i so that Aj (p) > then gives 

DF i \ p (v)=DF i \ p {w) 

showing that v = w. 

Finally note that the map is also proper and therefore a closed map. This 
implies that it is a homeomorphism onto its image and in particular an embedding. 

□ 

Theorem 1.7.2. (Whitney Embedding, Intermediate Version) If F : M m -> 
W l is an injective immersion, then there is also an injective immersion M m — > 
K + . Moreover, if one of the coordinate functions of F is proper, then we can 
keep this property. In particular, when M is compact we obtain an embedding. 

PROOF. For each v <G M n — {0} consider the orthogonal projection onto the 
orthogonal complement 

_ (x\v)v 

Jv (X) — X 2 

\v\ 

The image is an n — 1 dimensional subspace. So if we can show that /„ o F is an 
injective immersion then the ambient dimension has been reduced by 1. 

Note that f v o F (x) = f v oF (y) iff F (a;) — F (y) is proportional to v. Similarly 
D (f v ° F) (w) — iff DF (w) is proportional to v. 

As long as 2m + 1 < n Sard's theorem implies that the union of the two images 

H : M x M xR^I" 
h(x,y,t) = t(F(x)-F(y)) 

G : TM -+ R n 
G (w) = dF (to) 

has measure zero. Therefore, we can select v e K™ - {H (M x M x E) U G (TM)) . 

Assuming f v oF(x) = f v o F (y) , we have F (x) — F (y) = sv. If s = 
this shows that F (x) — F (y) and hence x — y. Otherwise s ^ showing that 
s- 1 (F (x) - F (y)) = v and hence that v e H (M x M x E) . 

Assuming D ( f v o F) (w) =0we get that DF (w) = sv. If s = 0, then DF (it;) = 
and to = 0. Otherwise DF (s _1 w) = w showing that neG (TM) . 

Note that the v we selected could be taken from 0-(H (M x M x E) U G (TM)) , 
where O C E™ is any open subset. This gives us a bit of extra information. While we 
can't get the ultimate map M m — > M 2m+1 to map into a specific 2m + l dimensional 
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subspace of R n , we can map it into a subspace arbitrarily close to a fixed subspace 
of dimension 2m + 1. To be specific simply assume that M. 2m+1 C K" consists of 
the first 2m + 1 coordinates. By selecting v e (— s, e) 2m+1 x (f — e, 1 + e) n 2rn 1 
we see that f v changes the first coordinates with an error that is small. 

This can be used to obtain proper maps f v o F. To see this assume that the 
first coordinate for F is proper. Then (F (x) \w) is still proper as a function of x as 
long as w is close to the first basis vector e\. This in turn shows that (/„ o F (x) \w) 
is proper when tolo. □ 

Note also that if F starts out only being an immersion, then we can find an 
immersion into R 2m . This is because G (TM) C K" has measure zero as long as 
n > 2m. 

Theorem 1.7.3. (Whitney Embedding, Final Version) An m- dimensional man- 
ifold M admits a proper embedding into R 2m+1 . 

Proof. We only need to find a proper embedding into some Euclidean space. 
This uses both of the previous results in a surprising way. The key observation is 
that any open subset of M with compact closure admits an embedding into R 2m+1 . 
Write M — \jUi where each Ui is open with compact closure and Ui fl Uj =0 
when \i — j\ > 1. Then note that each of the disjoint unions (J Ui% and (J L^+i 
can be embedded into R 2m+1 by mapping disjoint components into disjoint balls 
in Euclidean space. Then do a partition of unity to create an injective immersion 
into (R 2m+1 ) 2 x R 2 and finally a proper embedding into R x (R 2m+1 ) 2 x R 2 . Then 
use the previous Theorem to obtain the final proper embedding. □ 



1.8. Extending Embeddings 

Lemma 1.8.1. Let F : M — »■ N be an immersion that is an embedding when 
restricted to the embedded submanifold S C M, then F is an embedding on a neigh- 
borhood of S. 

Proof. We only do the case where dimAf = dim N. It is a bit easier and also 
the only case we actually need. 

By assumption F is an open mapping as it is a local diffeomorphism. Thus 
it suffices to show that it is injective on a neighborhood of S. If it is not injective 
on any neighborhood, then we can find sequences Xi and yi that approach S with 
F (xi) = F (yi) . If both sequences have accumulation points, then those points will 
lie in S and we can, by passing to subsequences, assume that they converge to 
points x and y in S. Then F (x) — F (y) so x — y and Xi = yi for large i as they lie 
in a neighborhood of x = y where F is injective. If one or both of these sequences 
have no accumulation points, then it is possible to find a neighborhood of S that 
doesn't contain the sequence. This shows that we don't have to worry about the 
sequence. □ 

Lemma 1.8.2. Let M C R n be an embedded submanifold. Then some neighbor- 
hood of the normal bundle of M in R n is diffeomorphic to a neighborhood of M in 
R n . 

Proof. The normal bundle is defined as 

v [M C E n ) = {(v,p) G T p R n x M : v _L T p M} 
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There is a natural map 

v (M C E") -> E", 

One checks easily that this is a local diffeomorphism on some neighborhood of 
the zero section M and that it is clearly an embedding when restricted to the 
zero section. The previous lemma then shows that it is a diffeomorphism on a 
neighborhood of the zero section. □ 

Theorem 1.8.3. Let M C N be an embedded submanifold. Then some neigh- 
borhood of the normal bundle of M in N is diffeomorphic to a neighborhood of M 
in N. 

Proof. Any subbundle of TN\m that is transverse to TM is a normal bundle. 
It is easy to see that all such bundles are isomorphic. One specific choice comes 
from embedding N C E" and then defining 

v (M cJV) = {(v,p) € T p N x M : v _L T p M} 

We don't immediately get a map v [M C N) — > N. What we do is to select a 
neighborhood N C U C R n as in the previous lemma. The projection it : U — > iV 
that takes m + ge [/ togeiVisa submersion deformation retraction. We then 
select a neighborhood M C V C i/(M C N) such that u +p e ?7 if e V. Now 
we get a map 

V -> TV 

that is a local diffeomorphism near the zero section and an embedding on the zero 
section. □ 



1.9. Flows and Submersions 

Before delving in to the more general theory we present an important basic 
result for maps with nonsingular differential that indicates what we will be proving 
for submersions. 

Lemma 1.9.1. Let F : M m — > N m be a smooth proper map. If y e N is a 
regular value, then there exists a neighborhood V around y such that F-^V) = 
Ufc=i UkUihere Uk are mutually disjoint and F : Uk — > V is a diffeomorphism. 

Proof. First use that F is proper to show that F~ 1 (y) = {x\, . . . ,x n } is a 
finite set. Next use that y is regular to find mutually disjoint neighborhoods Wk 
around each Xk such that F : Wk — > F(Wk) is a diffeomorphism. If the desired V 
does not exist then we can find a sequence z,eM- Ufc=i ^fc sucn that F{z%) — > y- 
Using again that F is proper it follows that (zj) must have an accumulation point 
z. Continuity of F then shows that z G F^ 1 (y). This in turn shows that infinitely 
many Zi must lie in 1J^ =1 Wfe, a contradiction. □ 

We start by stating the main theorem on integral curves that will be used again 
and again. 
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Theorem 1.9.2. Let X be a vector field on a manifold M. For each p £ M 
there is a unique integral curve c p (t) : I p — > M where c p (0) = p, c p (t) = X Cp ^ for 
all t e I p , and I p is the maximal open interval for any curve satisfying these two 
properties. Moreover, the map (t,p) >— > c p (t) is defined on an open subset o/M x M 
and is smooth. Finally, for given p G M the interval I p either contains [0, oo) or 
c p (t) is not contained in a compact set as t — » oo. 

PROOF. The first part is simply existence and uniqueness of solutions to ODEs. 
The second part is that such solutions depend smoothly on initial data. This is far 
more subtle to prove. The last statement is a basic compactness argument. □ 

We use the general notation that § x (p) = c p (t) is the flow corresponding to 
a vector field X, i.e. 

dt x x x 

Let F : M m — >■ N n be a smooth map between manifolds. If X is a vector field 
on M and Y a vector field on N, then we say that X and Y are F -related provided 
DF (X\ p ) = Y\ F{p) , or in other words DF (X)=Yo F. 

Proposition 1.9.3. X andY are F -related iff Fo& x = o F for sufficiently 
small t. 

Proof. Assuming that F o <& l x = $y of we have 
DF(X) = DF(j t \„„V x 

- s'««° F > 

= YoF 

Conversely DF (X) = YoF implies that 

= DF(Xo& x ) 

= YoFo&y 

= l«° f > 

Since the two curves t — > F o <f> x and t — > $y o F clearly agree when t = 0, this 
shows that they are the same. In fact we just showed that t — > Fo$ x is an integral 
curve for Y. □ 

In case F is a submersion it is possible to construct vector fields in M that are 
F-related to a given vector field in N. 

Proposition 1.9.4. Assume that F is a submersion. Given a vector field Y 
in N, there are vector fields X in M that are F-related to Y. 
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Proof. First we do a local construction of X. Since F is a submersion we can 
always find charts in M and N so that in these charts F looks like 

F(x\...,x m ) = (x 1 ,...,x n ). 

Note that m > nso the RHSjust consists of the first n coordinate from (a; 1 , x m ) . 
If we write Y — a l di, then we can simply define X = Y^i=i al ^i- This gives the 
local construction. 

For the global construction assume that we have a covering U a , vector fields 
X a on U a that are i^-related to Y 1 and a partition of unity X a subordinate to U a . 
Then simply define X = J] X a X a and note that 

DF(X) = Df(J2**X«) 

= X a DF (X a ) 

= ^AJof 
= Y oF. 

□ 

Finally we can say something about the maximal domains of definition for the 
flows of F-related vector fields given F is proper. 

PROPOSITION 1.9.5. Assume that F is proper and that X and Y are F-related 
vector fields. If F (q) — p and $y (p) is defined on [0, 6), then $ x (q) is also defined 
on [0, b). In other words the relation Fo & x = $y o F holds for as long as the RHS 
is defined. 

PROOF. Assume <b x (q) is defined on [0, a). If a < b, then the set 

K = {x e M : F (x) = <Z>y (p) for some t G [0, a] } 
= F- 1 ({^ Y (p):te[0,a}}) 

is compact in M since F is proper. The integral curve t — > & x (q) lies in K since 
F ($5f (?)) = (p) • It is now a general result that maximally defined integral 
curves are either defined for all time or leave every compact set. Thus $> x (q) must 
be defined on [0, b) . □ 

These relatively simple properties lead to some very general and tricky results. 

A fibration F : M — > N is a smooth map which is locally trivial in the sense that 
for every p <G N there is a neighborhood U of p such that F _1 (U) is diffeomorphic 
to U x F^ 1 (p) . This diffeomorphism must commute with the natural maps of these 
sets on to U. In other words (x,y) e U x F^ 1 (p) must be mapped to a point in 
F^ 1 (x) . Note that it is easy to destroy the fibration property by simply deleting a 
point in M. Note also that in this context fibrations are necessarily submersions. 

Special cases of fibrations are covering maps and vector bundles. The Hopf 
fibration S 3 — > S 2 = P 1 is a more non trivial example of a fibration, which we shall 
study further below. Tubular neighborhoods are also examples of fibrations. 

Theorem 1.9.6. (Ehresman) If F : M — > N is a proper submersion, then it is 
a fibration. 
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PROOF. As far as TV is concerned this is a local result. In TV we simply select 
a set U that is diffeomorphic to R™ and claim that F" 1 (U) w U x F" 1 (0) . Thus 
we just need to prove the theorem in case N = R™, or more generally a coordinate 
box around the origin. 

Next select vector fields X\ , . . . , X n in M that are F-related to the coordinate 
vector fields di,...,d n . Our smooth map G : R™ x F^ 1 (0) — > M is then defined 
by G (t 1 , ...,t n ,x) = <& l Xi o • • • o (x) . The inverse to this map is G _1 (z) = 



The theorem also unifies several different results. 

COROLLARY 1.9.7. (Basic Lemma in Morse Theory) Let F : M ->• R be a 
proper map. If F is regular on (a, b) C R, then F^ 1 (a, b) ~ (c) x (a, 6) where 
c e (a, 6) . 

Corollary 1.9.8. Le£ F : M ^ N be a proper nonsingular map with N 
connected, then F is a covering map. 

COROLLARY 1.9.9. (Hadamard) Let F : R™ -> R" 6e a proper nonsingular 
map, then F is a diffeomorphism. 

COROLLARY 1.9.10. (Reeb) Lei M be a closed manifold that admits a map with 
two critical points, then M is homeomorphic to a sphere. (This is a bit easier to 
show if we also assume that the critical points are nondegenerate.) 

Finally we can extend the fibration theorem to the case when M has boundary. 

Theorem 1.9.11. Assume that M is a manifold with boundary and that N is 
a manifold without boundary, if F : M — > N is proper and a submersion on M as 
well as on dM, then it is a fibration. 

Proof. The proof is identical and reduced to the case when N = R™. The 
assumptions allow us to construct the lifted vector fields so that they are tangent 
to dM. The flows will then stay in dM or intM for all time if they start there. □ 

Remark 1.9.12. This theorem is sometimes useful when we have a submersion 
whose fibers are not compact. It is then occasionally possible to add a boundary 
to M so as to make the map proper. A good example is a tubular neighborhood 
around a closed submanifold S C U. By possibly making U smaller we can assume 
that it is a compact manifold with boundary such that the fibers of U — >• S are 
closed discs rather than open discs. 

Remark 1.9.13. There is also a very interesting converse problem: If M is 
a manifold and ~ an equivalence relation on M when is Mj ~ a manifold and 
M — > Mj ~ a submersion? Clearly the equivalence classes must form a foliation 
and the leaves/equivalence classes be closed subsets of M. Also their normal bundles 
have to be trivial as preimages of regular values have trivial normal bundle. 

The most basic and still very nontrivial case is that of a Lie group G and a 
subgroup H. The equivalence classes are the cosets gH in G and the quotient 
space is G/H. When H is dense in G the quotient topology is not even Hausdorff. 




□ 
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However one can prove that if H is closed in G , so that the equivalence classes are 
all closed embedded submanifolds, then the quotient is a manifold and the quotient 
map a submersion. 

A nasty example is R 2 — {0} with the equivalence relation being that two points 
are equivalent if they have the same m-coordinate and lie in the same component 
of the corresponding vertical line. This means that the above general assumptions 
are not sufficient as all equivalence classes are closed embedded submanifolds with 
trivial normal bundles. The quotient space is the line with double origin and so is 
not Hausdorff ! 

The key to getting a Hausdorff quotient is to assume that the graph of the 
equivalence relation 

{(x,y) : x ~ y} C M x M 

is closed. 

1.10. Projective Space 

Given a vector space V we define P (V") as the space of 1-dimensional subspaces 
or lines through the origin. It is called the projective space of V. In the special case 
were V = ¥ n+1 we use the notation P (F" +1 ) = FP™ = P™. This is a bit confusing 
in terms of notation. The point is that P™ is an n-dimensional space as we shall 
see below. 

One can similarly develop a theory of the space of subspaces of any given 
dimension. The space of fc-dimensional subspaces is denoted Gk (V) and is called 
the Grassmannian. 

1.10.1. Basic Geometry of Projective Spaces. The space of operators or 
endomorphisms on V is denoted End (V) and the invertible operators or automor- 
phisms by Aut (V) . When V = F™ these are represented by matrices End (F n ) = 
Mat (F) and Aut (F") = Gl n (F) . Since invertible operators map lines to lines we 
see that aut (V") acts in a natural way on P (V) . In fact this action is homoge- 
neous, i.e., if we have p,q £ P(V), then there is an operator A £ aut (V) such 
that A (p) = q. Moreover, as any two bases in V can be mapped to each other by 
invertible operators it follows that any collection of k independent lines pi, ...,pk, 
i.e., pi + • • • + pk = Pi © • • • ® Pk can be mapped to any collection of k indepen- 
dent lines qi,...,qk- This means that the action of Aut (V") on P(V) is fc-point 
homogeneous for all k < dim(V) . Note that this action is not effective, i.e., some 
transformations act trivially on P (V) . Specifically, the maps that act trivially are 
precisely the homotheties A = Aly. 

Since an endomorphism might have a kernel it is not true that it maps lines to 
lines, however, if we have A £ end (V) , then we do get a map A : P (V)— P (ker A) — > 
P (V) defined on lines that are not in the kernel of A. 

Let us now assume that V is an inner product space with an inner product 
(v,w) that can be real or complex. The key observation in relation to subspaces 
is that they are completely characterized by the orthogonal projections onto the 
subspaces. Thus the space of fc-dimensional subspaces is the same as the space of 
orthogonal projections of rank fc. It is convenient to know that an endomorphism 
E £ End (V) is an orthogonal projection iff it is a projection, E 2 = E that is self- 
adjoint, E* = E. In the case of a one dimensional subspace p £ ¥ (V) spanned by 
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a unit vector v € V, the orthogonal projection is given by 

P r °.i P i x ) = (x,v)v. 

Clearly we get the same formula for all unit vectors in p. Note that the formula 
is quadratic in v. This yields a map P (V) — > End (V) . This gives P (V) a natural 
topology and even a metric. One can also easily see that P (V") is compact. 

The angle between lines in V gives a natural metric on P (V) . Automorphisms 
clearly do not preserve angles between lines and so are not necessarily isometries. 
However if we restrict attention to unitary or orthogonal transformations U C 
Aut (V) , then we know that they preserve inner products of vectors. Therefore, 
they must also preserve angles between lines. Thus U acts by isometries on P (V) . 
This action is again homogeneous so P (V) looks the same everywhere. 

1.10.2. Coordinates in more Detail. We are now ready to coordinatize 
P(V) . Select p eV(V) and consider the set of lines F(V) - P (p^) that are not 
perpendicular to p. This is clearly an open set in P (V) and we claim that there 
is a coordinate map G p : Horn (pjP' 1 ) — > P(V) — P (jr 1 ) . To construct this map 
decompose V ~ p p 1 " and note that any line not in p 1 - is a graph over p given 
by a unique homomorphism in (p^p^-) . The next thing to check is that G p is 
a homeomorphism onto its image and is differentiable as a map into End (V) . 
Neither fact is hard to verify. Finally observe that Horn (pjjr 1 ) is a vector space of 
dimension dim V — 1. In this way P (V) becomes a manifold of dimension dim V — 1. 

In case we are considering P™ we can construct a more explicit coordinate map. 
First we introduce homogenous coordinates: select z = (z°,...,z™) G F™ +1 — {0} 
denote the line by [z° : ■ ■ ■ : z n ] G P™, thus [z° : ■ ■ ■ : z n ] = [w° : ■ ■ ■ : w n ] iff and 
only if z and w are proportional and hence generate the same line. If we let 
p = [1 : : • • • : 0], then F" -> P" is simply G p (z 1 , z n ) = [l : z 1 : ■ ■ ■ : z n ] . 

Keeping in mind that p is the only line perpendicular to all lines in p 1 - we see 
that P™ — p can be represented by 

P n -p = {[z : z 1 : ••• : z n ] : (z 1 , ...,«") G F™ - {0} and z G F} . 

Here the subset 

P (p^) = { [0 : z 1 : ■ ■ ■ : z n ] : (z 1 , z n ) G F™ - {0}} 

can be identified with P™ _1 . Using the transformation 



Rq — 



we get a retract Rq 
the transformations 



ker (i? ) 
m _ p 

Rt 



Tin— 1 



••• 
1 

••• 1 

p 

, whose fibers are diffeomorphic to F. Using 



t 
1 



••• 1 
we see that R is in fact a deformation retraction. 
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Finally we check the projective spaces in low dimensions. When dimV = 1, 
P (V) is just a point and that point is in fact V it self. Thus P (V) = {V} . When 
dim V = 2, we note that for each pgP (V) the orthogonal complement p 1 - is again 
a one dimensional subspace and therefore an element of P (V") . This gives us an 
involution p — > p 1 - on P (V) just like the antipodal map on the sphere. In fact 

F(v) = (P(F)-M)u(p(y)-{ P ± }), 

P(V)-{p} ~ F~P(V)- {p^}, 

¥-{0} ~ (P(F)-M)n(p(y)-{ P ± }). 

Thus P (V) is simply a one point compactification of F. In particular, we have 
that MP 1 ~ S 1 and CP 1 ~ S 2 , (you need to convince your self that this is a 
diffeomorphism.) Since the geometry doesn't allow for distances larger than | it is 
natural to suppose that these projective "lines" are spheres of radius \ in F 2 . This 
is in fact true. 

1.10.3. Bundles. Define the tautological or canonical line bundle 

t (P n ) = {(p, v) £ P™ x F™ +1 :v£p}. 

This is a natural subbundle of the trivial vector bundle P™ x F™ +1 and therefore 
has a natural orthogonal complement 

T ± (pn) ~ | ( P] „) e p" x F"+i . p _l w } 

Note that in the complex case we are using Hermitian orthogonality. These are 
related to the tangent bundle in an interesting fashion 

TP™ ~ Horn (r (P n ) , t 1 - (P™)) 

This identity comes from our coordinatization around a point p£P". We should 
check that these bundle are locally trivial, i.e., fibrations over P™. This is quite easy, 
for each p £ P" we use the coordinate neighborhood around p and show that the 
bundles are trivial over these neighborhoods. 

Note that the fibrations r (P n ) ->■ P" and F Il+1 - {0} -> P™ are suspiciously 
similar. The latter has fibers p ~ {0} where the former has p. This means that the 
latter fibration can be identified with the nonzero vectors in r(P") . This means 
that the missing in F™ +1 — {0} is replaced by the zero section in r (P n ) in order 
to create a larger bundle. This process is called a blow up of the origin in F n+1 . 
Essentially we have a map r (P n ) — > F™ +1 that maps the zero section to and is a 
bijection outside that. We can use F™ +1 — {0} -4- P™ to create a new fibration by 
restricting it to the unit sphere S C F Il+1 — {0} . 

The conjugate to the tautological bundle can also be seen internally in P n+1 as 
the map 

P™ +1 - {p} -> P" 

When p = [1 : : • • • : 0] this fibration was given by 

[z : z° : • • • : z n ] -> [z° : • • • : z n ] . 

This looks like a vector bundle if we use fiberwise addition and scalar multiplication 
on z. 

The equivalence is obtained by mapping 

P" +1 -{[1:0:---:0]}^t(P"), 
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: z 




\(z°,...,z")\' 



It is necessary to conjugate z to get a well-defined map. This is why the identifica- 
tion is only conjugate linear. The conjugate to the tautological bundle can also be 
identified with the dual bundle horn (r (P™) , C) via the natural inner product struc- 
ture coming from r (P™) C P™ x F Il+1 . The relevant linear functional corresponding 



to [ 



z : z 



o . 



z n \ is given by 



v, z- 



\{Z ,:.,Z n )t 



This functional appears to be defined on all of F™ +1 , but as it vanishes on the 
orthogonal complement to (z , z") we only need to consider the restriction to 
span{(z°,...,z™)} = [z° : ■■■ : z n ]. 

Finally we prove that these bundles are not trivial. In fact, we show that there 
can't be any smooth sections F : P™ — > S C F™ +1 — {0} such that F (p) e p for 
all p, i.e., it is not possible to find a smooth (or continuous) choice of basis for 
all 1-dimensional subspaces. Should such a map exist it would evidently be a lift 
of the identity on P™ to a map P™ S. In case F = R, the map S MP™ is a 
nontrivial two fold covering map. So it is not possible to find MP™ — >• S as a lift 
of the identity. In case F = C the unit sphere S has larger dimension than CP™ 
so Sard's theorem tells us that CP™ — > S isn't onto. But then it is homotopic to a 
constant, thus showing that the identity CP™ — > CP™ is homotopic to the constant 
map. We shall see below that this is not possible. 

In effect, we proved that a fibration of a sphere S — > B is nontrivial if either 
7Ti (B) ^ {1} or dimB < dimS*. 



1.10.4. Lefschetz Numbers. Finally we are going to study Lefschetz num- 
bers for linear maps on projective spaces. The first general observation is that 
a map A e Aut (V) has a fixed point p e P (V) iff p is an invariant one dimen- 
sional subspace for A. In other words fixed points for A on P (V) correspond to 
eigenvectors, but without information about eigenvalues. 

We start with the complex case as it is a bit simpler. The claim is that any 
A e Aut (V) with distinct eigenvalues is a Lefschetz map on P (V) with L (A) = 
dimV. Since such maps are diagonalizable we can restrict attention to V = C" +1 
and the diagonal matrix 

" A 



A = 







By symmetry we need only study the fixed point p = [1 : : • • • : 0] . Note that 
the eigenvalues are assumed to be distinct and none of then vanish. To check 
the action of A on a neighborhood of p we use the coordinates introduced above 
[l : z 1 : ■ ■ ■ : z n ] . We see that 



A[l:z l 



[A 1 : Aiz 1 : ••• : A 

n z 

Ai i A» „ 
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This is already (complex) linear in these coordinates so the differential at p must 
be represented by the complex n x n matrix 



As the eigenvalues are all distinct 1 is not an eigenvalue of this matrix, show- 
ing that A really is a Lefschetz map. Next we need to check the differential of 
det (I — DA\ P ) . Note that in [Guillemin-Pollack] the authors use the sign of 
det (DA\ P — I) , but this is not consistent with Lefschetz' formula for the Lefschetz 
number as we shall see below. Since Gl n (C) is connected it must lie in Gl 2n (R) as 
a real matrix, i.e., complex matrices always have positive determinant when viewed 
as real matrices. Since DA\ p is complex it must follow that det (I — DA\ p ) > 0. So 
all local Lefschetz numbers are 1. This shows that L (A) = n+1. Since Gl n+ \ (C) is 
connected any linear map is homotopic to a linear Lefschetz map and must therefore 
also have Lefschetz number n+1. 

In particular, we have shown that all invertible complex linear maps must have 
eigenvectors. Note that this fact is obvious for maps that are not invertible. This 
could be one of the most convoluted ways of proving the Fundamental Theorem of 
Algebra. We used the fact that Gl n (C) is connected. This in turn follows from the 
polar decomposition of matrices, which in turn follows from the Spectral Theorem. 
Finally we observe that the Spectral Theorem can be proven without invoking the 
Fundamental Theorem of Algebra. 

The alternate observation that the above Lefschetz maps are dense in Gl n (C) 
is also quite useful in many situations. 

The real projective spaces can be analyzed in a similar way but we need to 
consider the parity of the dimension as well as the sign of the determinant of the 
linear map. 

For A e GL 2n+2 (R) we might not have any eigenvectors whatsoever as A 
could be n + 1 rotations. Since GL 2n+2 (R) is connected this means that L (A) = 
on R¥ 2n+1 if A <= GL+ n+2 (R) . When A <= GL 2n+2 (R) it must have at least two 
eigenvalues of opposite sign. Since GL 2n+2 (R) is connected we just need to check 
what happens for a specific 



r Ai 



o 1 



DA\ P = 







1 

-1 



A = 




1 



-1 




-1 

1 



1 

-1 






R 



We have two fixed points 



P 
<1 



= [1:0 
= [0:1 



0], 
0]. 
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For p we can quickly guess that 



DA r . 



-1 
R 



This matrix doesn't have 1 as an eigenvalue and 



det / 



-1 
R 



= det 



= det 



2 
I-R 

2 

1 1 

-1 1 



->n+l 



So we see that the determinant is positive. For q we use the coordinates [z° : 1 : z 2 
and easily see that the differential is 

-1 
-R 

which also doesn't have 1 as an eigenvalue and again gives us positive determinant 
for / - DA q . This shows that L (A) = 2 if A e GL^ n+2 (R) . 

In case A € Ghn+i (R) it is only possible to compute the Lefschetz number 
mod 2 as MP 2 ™ isn't orientable. We can select 

±1 
R 



A ± = 



e GLf n+1 



with R as above. In either case we have only one fixed point and it is a Lefschetz 
fixed point since DA± = ±R. Thus L (A ± ) = 1 and all A e Gl 2n +i (K) have 
L(A) = l. 



CHAPTER 2 



Basic Tensor Analysis 

2.1. Lie Derivatives and Its Uses 

Let X be a vector field and F* the corresponding locally denned flow on a 
smooth manifold M. Thus F* (p) is defined for small t and the curve t — > F* (p) 
is the integral curve for X that goes through p at t = 0. The Lie derivative of a 
tensor in the direction of X is defined as the first order term in a suitable Taylor 
expansion of the tensor when it is moved by the flow of X. 

2.1.1. Definitions and Properties. Let us start with a function / : M — > R. 
Then 

/(F*(p)) =f(p)+t(L x f)(p) + o(t), 

where the Lie derivative L x f is just the directional derivative D x f = df (X) . We 
can also write this as 

/of = f + tL x f + o(t), 
L x f = D x f = df(X). 

When we have a vector field Y things get a little more complicated. We wish 
to consider Y\ F t, but this can't be directly compared to Y as the vectors live in 
different tangent spaces. Thus we look at the curve t -4- DF^ t (Y\f*( p )) that lies 
in T p M. Then we expand for t near and get 

DF-' (Y\ Ft(p) ) =Y\ p + t (L X Y) \ p + o (t) 

for some vector (L X Y) \ p e T p M. This Lie derivative also has an alternate definition. 

PROPOSITION 2.1.1. For vector fields X,Y on M we have 

L X Y=[X,Y}. 

Proof. We see that the Lie derivative satisfies 

DF-' (Y\ F t) = Y + tL x Y + o(t) 

or equivalently 

Y\ F t = DF' (Y) + tDF 1 (L X Y) + o(t). 

35 
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It is therefore natural to consider the directional derivative of a function / in the 
direction of Y\ F t - DF l (Y) . 

D Y \ Ft -DFt(Y)f = D Y \ Ft f - D DF t(Y)f 

= (D Y f)oF t -D Y (foF t ) 
= D Y f + tD x D Y f + o(t) 
-D Y (f + tD x f + o(t)) 
= t(D x D Y f-D Y D x f) + o(t) 
= tD [XtY ]f + o(t). 



This shows that 



L X Y = l^- DFt ^ 
t->o t 

= \X,Y]. 



□ 



We are now ready to define the Lie derivative of a (0,p)-tensor T and also give 
an algebraic formula for this derivative. We define 

(F t )*T = T + t(L x T)+o(t) 

or more precisely 

{F t )*T)(Y 1 ,...,Y p ) = T{DF t {Y 1 ),...,DF t {Y p )) 

= T {Y u Y p ) + t (L X T) (Y u Y p ) +o(t). 

PROPOSITION 2.1.2. If X is a vector field andT a (0,p)-tensor on M, then 

p 

(L X T) (Y U ...,Y P ) = D X (T(Y 1 ,...,Y p ))-J2T(Y 1 ,...,L x Y i ,...,Y p ) 

i=l 

Proof. We restrict attention to the case where p = 1. The general case is 
similar but requires more notation. Using that 

Y\ F t = DF l (Y) + tDF 1 (L X Y) + o (t) 

we get 

((F*)*t)(F) = T(DF t {Y)) 

= T(Y\ Ft -tDF t (L x Y))+o(t) 

= T(Y)oF t -tT(DF t (L x Y))+o(t) 

= T(Y)+ tD x (T (Y)) - tT (DF* (L X Y)) +o(t). 

Thus 

{ l x t ){ y) = ^m^cn-Ton 

= lim (D X (T {¥)) T (DF* (L X Y))) 
= D X (T(Y))-T{L X Y). 

□ 
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Finally we have that Lie derivatives satisfy all possible product rules. From the 
above propositions this is already obvious when multiplying functions with vector 
fields or (0,p)-tensors. However, it is less clear when multiplying tensors. 

PROPOSITION 2.1.3. LetTi andT 2 be (0,p;) -tensors, then 

L x (7i • T 2 ) = (LxTt) ■T 2 +T 1 - (L X T 2 ) . 

Proof. Recall that for 1-forms and more general (0,p)-tensors we define the 
product as 

Ti • T 2 (Xi, ...,X P1 ,Y]_, ...,Y P2 ) = 7\ (Xi, ...,X pi ) ■ T 2 (Yi, ...,Y P2 ) . 

The proposition is then a simple consequence of the previous proposition and the 
product rule for derivatives of functions. □ 

PROPOSITION 2.1.4. Let T be a (0,p) -tensor and / :M4la function, then 

p 

L fX T {Y u ...,Y P ) = fL x T (Y u Y p ) + df (Y) ^ T {Y u X, Y p ) . 
Proof. We have that 

p 

L fx T(Y u ...,Y p ) - D fx {T{Y 1 ,...,Y p ))-Y,T{Y u ...,L fx Y i ,...,Y p ) 

i=l 

= fD x (T (Y u Y p )) (Y u [fX, Y^ , Y p ) 

i=i 
p 

= fD x (T(Y u ...,Y p ))-fJ2T(Y u ...,[X,Yi\,...,Y p ) 

i=l 

P 

+df(Y l )Y,T(Y 1 ,...,X,...,Y p ) 

□ 

The case where X\ p = is of special interest when computing Lie derivatives. 
We note that F* (p) = p for all t. Thus DF* : T p M T p M and 

T vi ,. DF-tjYD-Ylp 
L X Y\ P = Irm 

= j t (DF->)\ t= »(Y\ p ). 

This shows that L x = 4z (DF^ 1 ) | t= o when X\ p = 0. From this we see that if 9 is 
a 1-form then L x 9 = — 9 o L x at points p where X\ p = 0. 

Before moving on to some applications of Lie derivatives we introduce the 
concept of interior product, it is simply evaluation of a vector field in the first 
argument of a tensor: 

i x T(X u ...,X k ) =T(X,X 1 ,...,X k ) 

We can now list 4 general properties of Lie derivatives and how they are related to 
interior products. 
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X,Y] 



Lx (fT) 
L X [Y, Z] 
Lx (i Y T) 



LxLy — LyLx, 
Lx (f)T + fL x T, 
[L X Y 1 Z] + [Y 1 L X Z] 
i Lx yT + i y (L x T), 



2.1.2. Lie Groups. Lie derivatives also come in handy when working with Lie 
groups. For a Lie group G we have the inner automorphism Ad/j : x — > hxh^ 1 and 
its differential at x = e denoted by the same letters 

Ad h :Q^g. 

Lemma 2.1.5. The differential of h ->• Ad h is given by U ^ ady (X) = [U, X] 

Proof. If we write Adh (x) = Rh-\Lh (x), then its differential at x = e is 
given by Ad,, = DR h -iDL h . Now let F t be the flow for U. Then F t (g) = gF l (e) = 
L g (F l (e)) as both curves go through g at t = and have U as tangent everywhere 
since U is a left-invariant vector field. This also shows that DF t = DRpt^y Thus 

ady (X) | e = — DR F -t^DL F t^ (X\ e ) \ t=0 

= ^^ > ^' F ~ t i e ) (^l F *(e)) l*=0 

= jDF-' (X\ Ft{e) ) | t=0 
= L V X = [U, X] . 

□ 



This is used in the next Lemma. 

Lemma 2.1.6. Let G = Gl(V) be the Lie group of invertible matrices on V. 
The Lie bracket structure on the Lie algebra qI (V) of left invariant vector fields on 
Gl (V) is given by commutation of linear maps, i.e., if X,Y e TjGl (V) , then 

[X,Y] | 7 = XY - YX. 

Proof. Since x — > hxh^ 1 is a linear map on the space horn (V, V) we see that 
Ad h (X) = hXhr 1 . The flow of U is given by F* (g) = g(I + tU + o (i)) so we have 

[U,X] = |(F*(7)XF-*(/))| t=0 

= j t ((I + tU + o(t))X(I-tU + o(t)))\ t = 
= j t (X + tUX-tXU + o(t))\ t=0 

= UX- xu. 



a 
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2.1.3. The Hessian. Lie derivatives are also useful for defining Hessians of 
functions. 

We start with a Riemannian manifold (M m ,g). The Riemannian structure 
immediately identifies vector fields with 1-froms. If X is a vector field, then the 
corresponding 1-form is denoted ux and is defined by 

(v) = g (X, v) . 

In local coordinates this looks like 

X = 0,%, 
wx = gija l dx J . 

This also tells us that the inverse operation in local coordinates looks like 

<f> = ajdx 3 
= 5 k a k dx 3 
= gjig^akdx 3 
= 9ij (g ik ak) dx 3 

so the corresponding vector field is X = g lk cikdi. If we introduce an inner product 
on 1-forms that makes this correspondence an isometry 

s(wx,wy) = g(X,Y) . 

Then we see that 



g(dx\dx 3 ) = g{g ik d k ,g 3l d l ) 



9 ik 9 jl 9ki 



= &w l 

= '.I'' 9"- 

Thus the inverse matrix to gij, the inner product of coordinate vector fields, is 
simply the inner product of the coordinate 1-forms. 

With all this behind us we define the gradient grad/ of a function / as the 
vector field corresponding to df, i.e., 

df (v) = g (grad/, v) , 

Wgrad/ = df, 

grad/ = gVdifdj. 

This correspondence is a bit easier to calculate in orthonormal frames Ei, E m , 
i.e., g (Ei,Ej) — 5ij, such a frame can always be constructed from a general frame 
using the Gram-Schmidt procedure. We also have a dual frame (j) 1 , (f> m of 1-forms, 
i.e., 4> l (Ej) — 5 l j. First we observe that 

f (X) = g(X,E l ) 

thus 



X = a l E l = 4> l {X)E l =g{X,E l )E l 
cv x - 5 tf oV = aV =g{X,E i )<t> i 
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In other words the coefficients don't change. The gradient of a function looks like 
df = cuP = {D E J) <j>\ 
grad/ = g(gradf,E i )E i = {D Ei f)E i . 

In Euclidean space we know that the usual Cartesian coordinates di also form 
an orthonormal frame and hence the differentials dx 1 yield the dual frame of 1- 
forms. This makes it particularly simple to calculate in W 1 . One other manifold 
with the property is the torus T n . In this case we don't have global coordinates, but 
the coordinates vector fields and differentials are defined globally. This is precisely 
what we are used to in vector calculus, where the vector field X = Pd x + Qd y + R 
d z corresponds to the 1-form uj x = Pdx + Qdy + Rdz and the gradient is given by 
d x fd x + d y fd y + d z fd z . 

Having defined the gradient of a function the next goal is to define the Hessian 
of F. This is a bilinear form, like the metric, Hess/ (X, Y) that measures the second 
order change of /. It is defined as the Lie derivative of the metric in the direction of 
the gradient. Thus it seems to measure how the metric changes as we move along 
the flow of the gradient 

Hess/(X,Y) = ^(L grad/5 ) (X,Y) 
We will calculate this in local coordinates to check that it makes some sort of sense: 
Hess/ (dt ,dj) = ^ (L giad fg) (d t , dj ) 

= ^L giadf gij - -g {L giadf di,dj) - -g (di, L giadf dj) 

= ^ g rad/5ij ~ \g ([grad/, di] , dj) - ^g (d u [grad/, dj]) 

= \L g u dim9i j - \g ([g kl d L fd k ,di\ ,d,) - \g (d u [g^fd^dj]) 

= \g kl dufd k ( 9i j) + l - 9 (a, { 9 kl d l f) d kl d 3 ) + \ g (d^d, (g kl d u f) d k ) 
- \g H difd k {an) + \di (g kl di.f) g kj + \d 3 [g kl d l f) g lk 

= \g U d k (gij) dtf + \di (g kL ) g k jd t f + \dj (g kl ) g lk dj 

+ \g kl di{d l f)g k j+ l -g kl dj{d l f)g ik 
= \g U d k (gij) dtf - (g ki ) dtf - \g kl d, (g ik ) d L f 

+ ls l j did l f+^S l i (djd l f) 

= ^9 kl (dkgij - dig kj - d g lk ) d t f + d l d J f. 

So if the metric coefficients are constant, as in Euclidean space, or we are at a 
critical point, this gives us the old fashioned Hessian. 

It is worth pointing out that these more general definitions and formulas are 
useful even in Euclidean space. The minute we switch to some more general coordi- 
nates, such as polar, cylindrical, spherical etc, the metric coefficients are no longer 
all constant. Thus the above formulas are our only way of calculating the gradient 
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and Hessian in such general coordinates. We also have the following interesting 
result that is often used in Morse theory. 

Lemma 2.1.7. // a function f : M — > R has a critical point at p then the 
Hessian of f at p does not depend on the metric. 

Proof. Assume that X = V/ and X\ p = 0. Next select coordinates x l around 
p such that the metric coefficients satisfy gij\ p — Sij. Then we see that 

L x (gijdx l dx J ) \ p = L x (gij) \ P + SijL x (dx l ) dx J + 8 ij dx t L x (dx J ) 
= SijL x (dx z ) dx j + Sijdx l Lx (dx j ) 
= L x (5 l3 dx l dxJ)\ p . 

Thus Hess/|p is the same if we compute it using g and the Euclidean metric in the 
fixed coordinate system. □ 



2.2. Operations on Forms 

2.2.1. General Properties. Given p 1-forms u>i € il 1 (M) on a manifold M 
we define 

(u>i A • • • A Up) (vi, v p ) = dct ([ui (vj)]) 

where [ui (vj)} is the matrix with entries (vj) . We can then extend the wedge 
product to all forms using linearity and associativity. This gives the wedge product 
operation 

n p (M) x n« (m) -> n p+q (m) , 

(u},i>) — > toAtjj. 

This operation is bilinear and antisymmetric in the sense that: 

uj Atp = (-l) pq i> Alo. 

The wedge product of a function and a form is simply standard multiplication. 
The exterior derivative of a form is defined by 



K 

dw(X ,....,X k ) = ( W (x ,...,X 4 ,...,X fe )) 

i=0 
k 

= ^(-1)^ (u(x Q ,...,Xi,...,X k )) 

i=0 

{—l) l+j w ^a.Aj, A" , ...jXi, ...,Xj, ...,Xkj 



=0 



+L Xi (u> [X , ...,Xi, ...,Xkj^ 
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Lie derivatives, interior products, wedge products and exterior derivatives on forms 
are related as follows: 

d(ujAip) = (duS) Aip + ( — l) p ijj A (dip) , 
i x (uiAip) = (i x u) Atp + (-if oj A(i x ip) , 
L x {lu Aip) = (L x uj) Aip + uA {L x tp) , 

and the composition properties 



doc? = 0, 

i X °i X = 0, 

L x = d o i x + i x o d, 

L x o d = do L Xl 

i X °L x = L x oi x . 

The third property L x = do i x + i x o d is also known a H. Cartan's formula (son of 
the geometer E. Cartan). It is behind the definition of exterior derivative we gave 
above in the form 

i Xo ° d = L Xo - d o i Xo . 

2.2.2. The Volume Form. We are now ready to explain how forms are used 
to unify some standard concepts from differential vector calculus. We shall work 
on a Riemannian manifold (M,g) and use orthonormal frames E l7 E m as well as 
the dual frame (p 1 , (p m of 1-forms. 

The local volume form is defined as: 

dvol = dvol 5 = ( / ) 1 A---A< ? !) m . 

We see that if ip 1 , ip m is another collection of 1-forms coming from an orthonor- 
mal frame Fi, ...,F m , then 

^A---AV m (£i,...,£ m ) = det (P(Ej)) 

= det (giFuEj)) 
= ±1. 

The sign depends on whether or not the two frames define the same orientation. In 
case M is oriented and we only use positively oriented frames we will get a globally 
defined volume form. Next we calculate the local volume form in local coordinates 
assuming that the frame and the coordinates are both positively oriented: 

dvol{d 1 ,...d m ) = det^idj)) 

= det(g(Ei,dj)). 

As Ei hasn't been eliminated we have to work a little harder. To this end we note 
that 

det(g(d t ,d 3 )) = dot {g(g{d u E k )E k ,g{d j ,E l )E l )) 

= det(g(di,E k )g(dj,Ei)5 k i) 

= det (g(di,E k )g(dj,E k )) 

- det (g{d h E k )) det {g(dj,E k )) 

= (det a,-))) 2 . 
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Thus 

d\o\(di, ...d m ) = ^/detgTj, 

dvol = yj&ctg^jdx 1 A • • • A dx m . 

2.2.3. Divergence. The divergence of a vector field is defined as the change 
in the volume form as we flow along the vector field. Note the similarity with the 
Hessian. 

L x dvol — div (X) dvol 
In coordinates using that X = a l di we get 



L x dvol = L x (Vdet gtidx 1 A • • • A dx m ^j 



= L x ^\/dct 9ki J dx 1 A • • • A dx m 

+ v/det gu^dx 1 A • • • A L x {dx 1 ) A • • • A dx m 

i 

= a l d t (\/dct g k i^ dx 1 A • • • A dx m 

+ y / dctg kl ^2dx 1 A • • • A d (L x x i ) A • • • A dx m 

i 

= a i d l (ydei g k ^j dx 1 A • • • A dx m 

+V / det g u dx 1 A • • • A d (a 1 ) A • • • A dx m 

i 

= a t d l (Vdet g k ^j dx 1 A • • • A dx m 

+ V'dct gu^dx 1 A • • • A (d j a i dx j ) A • • • A dx m 

i 

a% (Vdetcto) dx 1 A • • • A dx m 

+ y/dctg fc ; ^ dx 1 A • • • A (dia l dx l ) A • • • A da;" 1 

i 

= (a'd. t (V dct .9fci) + V det QkAa^j dx 1 A • • • A rfx r ' 
9i (a Vdet g k A 



Vdet 

(aWdetg kl ) 



y/dct gudx 1 A • • • A d:r r 
dvol 



Vdet g ki 

We see again that in case the metric coefficients are constant we get the familiar 
divergence from vector calculus. 

H. Cartan's formula for the Lie derivative of forms gives us a different way of 
finding the divergence 

div (X) dvol = L x dvo\ 

= di x (dvol) +i x d (dvol) 
= di x (dvol) , 

in particular div (X) dvol is always exact. 
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This formula suggests that we should study the correspondence that takes a 
vector field X to the (n — l)-form i x (dvol) . Using the orthonormal frame this 
correspondence is 

ix {dvol) = ig^E^Ej (ft A • • • A 4> m ) 

= g(X,Ej)i Ej (^A...Ar) 

= E 9 (X, Ej) ft A • • • A ft A • • • A <j> m 

while in coordinates 

i x (dvol) = i a j d . {^Jdetguidx 1 A • • • A dx m ^j 

= y/dct gg a j idj (dx 1 A • • • A dx m ) 

= ^detg kl E a^dx 1 A • • • A dri A • • • A dx m 

If we compute dix (dvol) using this formula we quickly get back our coordinate 
formula for div (X) . 

In vector calculus this gives us the correspondence 

i(Pd x +Qd y +Rd z )dx A dy A dz = Pi 9x dx A dy A dz 

+Qid y dx A dy A dz 

+Rid z dx A dy A dz 

= Pdy Adz - Qdx A dz + Rdx A dy 

= Pdy Adz + Qdz A dx + Rdx A dy 

If we compose the grad and div operations we get the Laplacian: 

div (grad/) = A/ 

For this to make sense we should check that it is the "trace" of the Hessian. This 
is most easily done using an orthonormal frame Ej. On one hand the trace of the 
Hessian is: 

E Hess/ (£;,£;) = ^(Lgrad/ff)(£i,£i) 
i i 

= X! 2 Lgradf - ■^9{L^dfE l ,E i ) - -g(Ei,L gTadf Ei 

i 

= ~ 9 (LgradfEj, Ej) . 

i 

While the divergence is calculated as 

div (grad/) = div (grad/) dvol (E x , E m ) 

= (igrad/^ 1 A •• -A<f> m ) (Ei,.. .,E m ) 

= ]T A ' ' ' A L gr*dfft A • • • A <f> m ) (E U E m ) 

= E ^S rad / (ft (Ei)) - ft (LgradfEi) 

= ~ ^ ft (LgradfEj) 

= ~ E ^ (Lgr&d fEj, Ej) . 
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2.2.4. Curl. While the gradient and divergence operations work on any Rie- 
mannian manifold, the curl operator is specific to oriented 3 dimensional manifolds. 
It uses the above two correspondences between vector fields and 1-forms as well as 
2-forms: 

d{u x ) = icurix (dvol) 
If X = P8 X + Qd y + R8 Z and we are on R 3 we can easily see that 

curlA = (d y R - 8 Z Q) 8 X + (8 Z P - 8 X R) 8 y + (8 X Q - 8 y P) 8 Z 

Taken together these three operators are defined as follows: 

^grad/ = df, 
icurix(dvol) = d(u X ), 

div (X) dvo\ = dix (dvol) . 

Using that d o d = on all forms we obtain the classical vector analysis formulas 

curl (grad/) = 0, 
div (curlX) = 0, 

from 

*curl(grad/) (dvol) = d (Wgrad/) = ddf, 

div (curLY) dvo\ = di cur \x (dvoY) = ddujx ■ 

2.3. Orientability 

Recall that two ordered bases of a finite dimensional vector space are said to 
represent the same orientation if the transition matrix from one to the other is of 
positive determinant. This evidently defines an equivalence relation with exactly 
two equivalence classes. A choice of such an equivalence class is called an orientation 
for the vector space. 

Given a smooth manifold each tangent space has two choices for an orientation. 
Thus we obtain a two fold covering map Om —> M, where the preimage of each 
p e M consists of the two orientations for T p M. A connected manifold is said to be 
orientable if the orientation covering is disconnected. For a disconnected manifold, 
we simply require that each connected component be connected. A choice of sheet 
in the covering will correspond to a choice of an orientation for each tangent space. 

To see that Om really is a covering just note that if we have a chart (x 1 , x 2 , . . . , x n ) : 
U C M — > R™, where U is connected, then we have two choices of orientations over 
U, namely, the class determined by the framing (d\, 82, d n ) and by the fram- 
ing (— di, 82, 8 n ) . Thus U is covered by two sets each diffeomorphic to U and 
parametrized by these two different choices of orientation. Observe that this tells 
us that K™ is orientable and has a canonical orientation given by the standard 
Cartesian coordinate frame (81,82, ■■■,8 n ) . 

Note that since simply connected manifolds only have trivial covering spaces 
they must all be orientable. Thus S n , n > 1 is always orientable. 

An other important observation is that the orientation covering Om is an ori- 
entable manifold since it is locally the same as M and an orientation at each tangent 
space has been picked for us. 
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Theorem 2.3.1. The following conditions for a connected n-manifold M are 
equivalent. 

1. M is orientable. 

2. Orientation is preserved moving along loops. 

3. M admits an atlas where the Jacobians of all the transitions functions are 
positive. 

4- M admits a nowhere vanishing n-form. 

Proof. 1 <^=> 2 : The unique path lifting property for the covering Om — > M 
tells us that orientation is preserved along loops if and only if Om is disconnected. 

1 =>■ 3 : Pick an orientation. Take any atlas (U a ,F a ) of M where U a is con- 
nected. As in our description of M from above we see that either each F a corre- 
sponds to the chosen orientation, otherwise change the sign of the first component 
of F a . In this way we get an atlas where each chart corresponds to the chosen 
orientation. Then it is easily checked that the transition functions F a o F^ 1 have 
positive Jacobian as they preserve the canonical orientation of K n . 

3^4: Choose a locally finite partition of unity (A Q ) subordinate to an atlas 
(U a ,F a ) where the transition functions have positive Jacobians. On each U a we 
have the nowhere vanishing form uj a = dx\ A ... A dx™. Now note that if we are in 
an overlap U a (1 Up then 



Thus the globally defined form u = \ a <-<J a is always nonnegative when evaluated 
on (9%'-' dx" ) • What is more, at least one term must be positive according to 
the definition of partition of unity. 

4 =>■ 1 : Pick a nowhere vanishing n-form cj. Then define two sets 0± according 
to whether u> is positive or negative when evaluated on a basis. This yields two 
disjoint open sets in Om which cover all of M. □ 

With this result behind us we can try to determine which manifolds are ori- 
entable and which are not. Conditions 3 and 4 are often good ways of establishing 
orientability. To establish non-orientability is a little more tricky. However, if we 
suspect a manifold to be non-orientable then 1 tells us that there must be a non- 
trivial 2-fold covering map 7r : M — > M, where M is oriented and the two given 
orientations at points over p € M are mapped to different orientations in M via 
Dtt. A different way of recording this information is to note that for a two fold 
covering n : M — > M there is only one nontrivial deck transformation A : M — > M 
with the properties: A(x) 7^ x, A o A = id,M, an d 7r o I A = it. With this is mind 
we can show 

PROPOSITION 2.3.2. Let n : M ->• M be a non-trivial 2-fold covering and M an 
oriented manifold. Then M is orientable if and only if A preserves the orientation 
on M. 

Proof. First suppose A preserves the orientation of M. Then given a choice 
of orientation e\,...,e n € T X M we can declare Dn (ei) , Dn (e„) € T v mM to 




> 0. 
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be an orientation at 7r (x) . This is consistent as DA (ei) , DA (e„) e Tj^M is 
mapped to Z?7r (ei) , £>7r (e„) as well (using 7r o A = 7r) and also represents the 
given orientation on M since A was assumed to preserve this orientation. 

Suppose conversely that M is orientable and choose an orientation for M. Since 
we assume that both M and M are connected the projection it : M — > M, being 
nonsingular everywhere, must always preserve or reverse the orientation. We can 
without loss of generality assume that the orientation is preserved. Then we just 
use 7T o A = 7T as in the first part of the proof to see that A must preserve the 
orientation on M. □ 

We can now use these results to check some concrete manifolds for orientability. 

We already know that S n ,n > 1 are orientable, but what about S 1 ? One way 
of checking that this space is orientable is to note that the tangent bundle is trivial 
and thus a uniform choice of orientation is possible. This clearly generalizes to Lie 
groups and other parallelizable manifolds. Another method is to find a nowhere 
vanishing form. This can be done on all spheres S n by considering the n-form 

n+l 

uj = Y^ ^dx 1 A • • • A dx i A • • • A dx n+1 

i=i 

on R™ +1 . This form is a generalization of the 1-form xdy — ydx, which is ± the 
angular form in the plane. Note that if X = x l di denotes the radial vector field, 
then we have (see also the section below on the classical integral theorems) 

ix (dx 1 A • • • A dx n+1 ) = lu. 

From this it is clear that if v 2 , v n form a basis for a tangent space to the sphere, 
then 

u> (v 2 , ...,v n ) = dx 1 A ••• A dx n+1 (X,v 2 , ...,v n+1 ) 
? 0. 

Thus we have found a nonvanishing n-form on all spheres regardless of whether or 
not they are parallelizable or simply connected. As another exercise people might 
want to use one of the several coordinate atlases known for the spheres to show 
that they are orientable. 

Recall that MP™ has S n as a natural double covering with the antipodal map 
as a natural deck transformation. Now this deck transformation preserves the 
radial field X = x l di and thus its restriction to S n preserves or reverses orientation 
according to what it does on On the ambient Euclidean space the map is 

linear and therefore preserves the orientation iff its determinant is positive. This 
happens iff n + 1 is even. Thus we see that MP™ is orientable iff n is odd. 

Using the double covering lemma show that the Klein bottle and the Mobius 
band are non-orientable. 

Manifolds with boundary are defined like manifolds, but modeled on open sets 
in L n = {.x e K" : x 1 < 0} . The boundary dM is then the set of points that cor- 
respond to elements in dL n = {x € R" : x 1 — 0} . It is not hard to prove that if 
F : M — > E has a e R as a regular value then P _1 (— oo,a] is a manifold with 
boundary. If M is oriented then the boundary is oriented in such a way that if we 
add the outward pointing normal to the boundary as the first basis vector then we 
get a positively oriented basis for M. Thus d 2 , ...,d n is the positive orientation for 
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dL n since d\ points away from L n and d\, 82, d n is the usual positive orientation 
for L n . 



2.4. Integration of Forms 

We shall assume that M is an oriented n-manifold. Thus, M comes with 
a covering of charts ip a = (a;*, ■ ■ ■ , x™) : U a < — > B (0, 1) C K™ such that the 
transition functions tp a o tp^ 1 preserve the usual orientation on Euclidean space, 

i.e., dct (^D [ip a o Pp 1 ^ > 0. In addition, we shall also assume that a partition 
of unity with respect to this covering is given. In other words, we have smooth 
functions cf) a : M — >• [0, 1] such that 4> a = on M — U a and J2 a 4>a = ^- For the last 
condition to make sense, it is obviously necessary that the covering be also locally 
finite. 

Given an n-form ui on M we wish to define: 

JM 

When M is not compact, it might be necessary to assume that the form has compact 
support, i.e., it vanishes outside some compact subset of M. 
In each chart we can write 

uj = f a dx\ A • • • A dx n a . 

Using the partition of unity, we then obtain 

a 

= ^2</> a fadxl A--- Adx^, 

a 

where each of the forms (fra/adx^ A • • • A dx™ has compact support in U a . Since U a 
is identified with U a C R n , we simply declare that 

/ tafadxl A • • • A dx n a = / (f> a f a dx 1 ■ ■ ■ dx n . 

Here the right-hand side is simply the integral of the function cf) a f a viewed as a 
function on U a . Then we define 



/ w = V / fiafadxl, A • • • A dx n a 

JM „, JU„ 



I M 

whenever this sum converges. Using the standard change of variables formula for 
integration on Euclidean space, we see that indeed this definition is independent of 
the choice of coordinates. 

With these definitions behind us, we can now state and prove Stokes' theorem 
for manifolds with boundary. 

Theorem 2.4.1. For any ui e O™ -1 (M) with compact support we have 

duj = I uj. 

JM JdM 
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Proof. If we use the trick 

doJ = ^2 d ' 

a 

then we see that it suffices to prove the theorem in the case M — L n and u> has 
compact support. In that case we can write 



uj = y~] ,f l dx 1 A • • • A dx i A • • • A dx n , 

i—1 

The differential of co is now easily computed: 

n 

duj = ^2 ( d fi) A dx 1 A • • • A dx i A • • • A dx n 

i=i 

= (^)dx l Adx 1 A--- A<£* A--- Adx n 

= ^(-l) i - 1 0da; 1 A---Adx J A---Adx". 



Thus, 



L duJ = l^yr'^A-.-Adx- 
= E(-i) w / 
= E^r 1 / (/ (g)^)^ 1 -^-^ 



^dx 1 • • • dx™ 



The fundamental theorem of calculus tells us that 

K dx i 



dx J = 0, for i > 1, 



f dw= /" /i (0,x 2 ,...,x™) dx 2 



Thus 

" 2 A • • • A dx™. 



Since dx 1 = on dL n it follows that 

u\dL" = Adx 2 A • • • A dx™. 
This proves the theorem. □ 

We get a very nice corollary out of Stokes' theorem. 

Theorem. (Brouwer) Let M be a connected compact manifold with nonempty 
boundary. Then there is no retract r : M — > dM. 
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PROOF. Note that if dM is not connected such a retract clearly can't exists so 
we need only worry about having connected boundary. 

If M is oriented and w is a volume form on dM, then we have 



< / u> 

JdM 

= / r*u> 
JdM 

= f d{r*u)) 

J M 



r*duj 

M 



= 0. 

If M is not orientable, then we lift the situation to the orientation cover and obtain 
a contradiction there. □ 

We shall briefly discuss how the classical integral theorems of Green, Gauss, 
and Stokes follow from the general version of Stokes' theorem presented above. 
Green's theorem in the plane is quite simple. 

Theorem 2.4.2. (Green's Theorem) Let Q C M 2 be a domain with smooth 
boundary <9f2. If X = Pd x + Qd y is a vector field defined on a region containing f2 
then 



[ (d x Q - d y P) dxdy = [ Pdx + Qdy. 
Jn Jen 



Proof. Note that the integral on the right-hand side is a line integral, which 
can also be interpreted as the integral of the 1-form lo = Pdx 1 + Qdx 2 on the 1- 
manifold 90. With this in mind we just need to observe that dui = (d\Q — d?,P) dx x A 
dx 2 in order to establish the theorem. □ 

Gauss' Theorem is quite a bit more complicated, but we did some of the ground 
work when we defined the divergence above. The context is a connected, compact, 
oriented Riemannian manifold M with boundary, but the example to keep in mind 
is a domain M C 1" with smooth boundary 

Theorem 2.4.3. (The divergence theorem or Gauss' theorem) Let X be a vector 
field defined on M and N the outward pointing unit normal field to dM, then 

f (divX)dvol 3 = f g(X,N)dvo\ glaM 

J M JdM 

PROOF. We know that 

divXdvolg — d (ix (dvo\ g )) . 

So by Stokes' theorem it suffices to show that 

ix (dvol g ) \ dM = g (X, N) dvol g | 9M 

The orientation on T p dM is so that Vi, v n is a positively oriented basis for T p dM 
iff N, V2, v n is a positively oriented basis for T p M. Therefore, the natural volume 
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form for dM denoted dvol g |g M is given by in {dvo\ g ) . If v 2 , —,v n £ T p dM is a basis, 
then 

ix{dvol g )\dM{v2,—,v n ) = dvo\ g (X, v 2 , ...,v n ) 

= dvo\ g (g(X,N)N,v 2 ,...,v n ) 

= g(X,N)dvol g {N,v 2 ,...,v n ) 

= g(X,N)i N (dvol g ) 

= g(X,N)dvol glaM 

where we used that X — g (X, N) X, the component of X tangent T p dM, is a linear 
combination of v 2 ,...,v n and therefore doesn't contribute to the form. □ 

Stokes' Theorem is specific to 3 dimensions. Classically it holds for an oriented 
surface ScR 3 with smooth boundary but can be formulated for oriented surfaces 
in oriented Riemannian 3-manifolds. 

Theorem 2.4.4. (Stokes' theorem) Let S C M 3 be an oriented surface with 
boundary dS. If X is a vector field defined on a region containing S and N is the 
unit normal field to S, then 



[ g(cmlX,N)dvol g]s = f 

JS Jd 



oj x . 

dS 

PROOF. Recall that uj x is the 1-form defined by 

(v) = g (X, v) . 

This form is related to cur\X by 

d{u> x ) = «curix (dvol fl ) . 
So Stokes' Theorem tells us that 

uj x = / «curix (dvol g ) . 
as Js 

The integral on the right-hand side can now be understood in a manner completely 
analogous to our discussion of ix (dvol fl ) \qm m the Divergence Theorem. We note 
that N is chosen perpendicular to T p S in such a way that N,v 2 ,vs <G T p M is 
positively oriented iff v 2l vz € T p S is positively oriented. Thus we have again that 

dvol s | s = in dvolg 

and consequently 

icurix (dvol fl ) = g (curLY, N) dvo\ g \ s 

□ 

2.5. Frobenius 



In the section we prove the theorem of Frobenius for vector fields and relate it to 
equivalent versions for forms and differential equations that involve Lie derivatives. 



CHAPTER 3 



Basic Cohomology Theory 



3.1. De Rham Cohomology 

Throughout we let M be an n-manifold. Using that d o d — 0, we trivially get 
that the exact forms 

B p (M) =d(QP- 1 {M)) 
are a subset of the closed forms 

Z p (M ) = {ujen p (M) : doj = 0} . 
The de Rham cohomology is then defined as 

v ' Bp (M) 

Given a closed form ip, we let [ip] denote the corresponding cohomology class. 

The first simple property comes from the fact that any function with zero 
differential must be locally constant. On a connected manifold we therefore have 

H° (M) = E. 

Given a smooth map F : M — > N, we get an induced map in cohomology: 

H p (N) -> H p (M) , 

F* ([V-]) = [F*ip] . 

This definition is independent of the choice of ip, since the pullback F* commutes 
with d. 

The two key results that are needed for a deeper understanding of de Rham 
cohomology are the Meyer- Vietoris sequence and homotopy invariance of the pull 
back map. 

Lemma 3.1.1. (The Mayer- Vietoris Sequence) If M = A U B for open sets 
A,BcM, then there is a long exact sequence 

► H p (M) -> H p (A) © H p (B) -> H p (AnB)^ H p+1 (M) 

PROOF. The proof is given in outline, as it is exactly the same as the corre- 
sponding proof in algebraic topology. We start by defining a short exact sequence 

-> IF (M) ft p (A) IF (B) -^fiPfinB)^ 0. 

The map 0? (M) — > IF (A) © fF (B) is simply restriction uj -> (oj\ a ,w\ b ) ■ The 
second is given by (uj,ip) — > (w|^ns — V'Uns) • With these definitions it is clear 
that IF (M) — > fF (A) © fF (B) is injective and that the sequence is exact at 
CF (A) © IF (B) . It is a bit less obvious why 0? (A) © CF (5) CF (A n B) is 
surjective. To see this select a partition of unity A^, A B with respect to the covering 
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A, B. Given u> € £l p (A n B) we see that A aw defines a form on B, while Xboj defines 
a form on A. Then (A B w, —A 

These maps induce maps in cohomology 

H p (M) -> B p (A) ffi B p (B) -^H p (An B) 

such that this sequence is exact. The connecting homomorphisms 

S : H p (A n B) -> B p+1 (M) 

are constructed using the diagram 

-> JF +1 (M) -> ft p+1 (A) e (B) -> ff +1 (inB) -> 

td td td 

-> fiP(M) ft p (A)ffifF(B) -> ff(4nB) -> 

If we take a form uj <E fl p (A f] B) , then (A B u>, -A A w) e £l p (A) ® fl p (B) is mapped 
onto uj. If dco = 0, then 

d (A B w, — A A w) = (dA B A w, — dA A A uj) 

g ft p+1 (A) e « p+1 (B) 

vanishes when mapped to Sl p+1 (4 fl B) . So we get a well-defined form 

^ f d\s A w on A 

[ d.\ i Aw on B 

e 1F +1 (M) . 

It is easy to see that this defines a map in cohomology that makes the Meyer- Vietoris 
sequence exact. 

The construction here is fairly concrete, but it is a very general homological 
construction. □ 

The first part of the Meyer- Vietoris sequence 

-> B° (M) H° (A) H° (B) -> H° {A n B) -> H 1 (M) 

is particularly simple since we know what the zero dimensional cohomology is. In 
case An B is connected it must be a short exact sequence 

-> B° (M) -> B° (A) B° (B) ->ff (4nB)^0 

so the Meyer- Vietoris sequence for higher dimensional cohomology starts with 

-> B 1 (M) -> B 1 (A) ffi B 1 (B) 

To study what happens when we have homotopic maps between manifolds we 
have to figure out how forms on the product [0, 1] x M relate to forms on M. 

On the product [0, 1] x M we have the vector field d t tangent to the first factor 
as well as the corresponding one form dt. In local coordinates forms on [0,1] x M 
can be written 

uj = ajdx 1 + bjdt A dx J 
if we use summation convention and multi index notation 

dx 1 = dx ix A • • • A dx ik 



3.1. DE RHAM COHOMOLOGY 



54 



For each form the dt factor can be integrated out as follows 



X(w) = j uj = J bjdthdx J = (^j bjdtj dx J 



Thus giving a map 

n k+1 ([0,1] x M) -> fl k (M) 
To see that this is well-defined note that it can be expressed as 



Jo 



I (uj) = I dt A ig t U) 

since 

id t M = bjdx J . 

Lemma 3.1.2. Let j t : M -> [0, 1] x M be the map j t (x) = (t,x) , then 

1 (du) + dl (uj) = j{ (uj) - jo (uj) 
Proof. The key is to prove that 

X (dco) + dl (uj) = X (L dt uj) 
Given this we see that the right hand side is 

X{Lg t ui) = / dt A Lg t LO 
Jo 

= / dt A L dt (aidx 1 + bjdt A dx J ) 
Jo 

= I dt A (dtajdx 1 + d t bjdt A dx J ) 
Jo 

= / dtA(d t a I )dx I 
Jo 

= dtd t a^J dx 1 

= (a i (1, x) — a i (0, x)) dx 1 
= fi M - Jo M 
The first formula follows by noting that 

I (dco) + dl (uj) = J dt A ig t dui + d dtAig t u> 

= / dtAig t dw + dtAdig t uj 
Jo Jo 

= / dt A (ig t dw + dig t 
Jo 

= / dtA(L dt Lo) 
Jo 

The one tricky move here is the identity 



d (^j dtAig t u?j = J dtAdig t ui 
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On the left hand side it is clear what d does, but on the right hand side we are 
computing d of a form on the product. However, as we are wedging with dt this 
does not become an issue. More worrisome is the thought that one would expect 

d dtAig t u^j = J d{dtf\id t uj) 

= / ddtAid t LO— / dtAdig t uj 
Jo Jo 

= dt A dig t uj 

Jo 

but this is not what is happening as the dt has in fact been integrated out. Specif- 
ically if d is exterior differentiation on [0, 1] x M and d x exterior differentiation on 
M, then 

"1 \ / r-l 



^ X (/" ^ A ^ dt °^j = ^ (_/ bjdt^J Adx J 

dt A (d x bj) \ A dx J 



f 

Jo 

dt A (dbj - d t bjdt) ) A dx 

o 



l 

J 



j dt A dbj^j A dx J 

/ dt A dig t u) 
Jo 



a 



We can now establish homotopy invariance. 



PROPOSITION 3.1.3. If F ,Fi : M -> TV are smoothly homotopic, then they 
induce the same maps on de Rham cohomology. 

PROOF. Assume we have a homotopy H : [0, l]xM-> TV, such that F = Hoj 
and Fi = H o j 1 , then 

F* (uj) - F* (lu) = (H o j,)* (oj) - (H o j )* (to) 
= j{ {H* (w)) - j* {H* (w)) 
= dI(H* (w))+l(H* (du)) 

So if lu € fi fc (N) is closed, then we have shown that the difference 

fi* (w) - f* (to) e n k (m) 

is exact. Thus the two forms F* (ui) and Fg (w) must lie in the same de Rham 
cohomology class. □ 

COROLLARY 3.1.4. // two manifolds, possibly of different dimension, are ho- 
motopy equivalent, then they have the same de Rham cohomology. 

Proof. This follows from having maps F : M — > TV and G : TV -> M such 
that F o G and G o F are homotopic to the identity maps. □ 
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Lemma 3.1.5. (The Poincare Lemma) The cohomology of a contractible man- 
ifold M is 

H° (M) = E, 

HP (M) = {0} for p>0. 

In particular convex sets in E™ have trivial de Rham cohomology. 

Proof. Being contractible is the same as being homotopy equivalent to a point. 

□ 



3.2. Examples of Cohomology Groups 

For S n we use that 

S n = (S n - {p}) U (S n - {-p}) , 
S n -{±p} ~ E™, 
(S n - {p}) n (S n - {-p}) ~ R n -{0}. 

Since E™ — {0} deformation retracts onto S*™ -1 this allows us to compute the coho- 
mology of S n by induction using the Meyer-Vietoris sequence. We start with S 1 , 
which a bit different as the intersection has two components. The Meyer- vietoris 
sequence starting with p — looks like 

O^M^MelR^EelR^F 1 (S 1 ) -> 0. 

Showing that H 1 ~ E. For n > 2 the intersection is connected so the connect- 
ing homomorphism must be an isomorphism 

H P-l (gn-lj 

for p > 1. Thus 

H p (S n ) = 

For P™ we use the decomposition 



0. 



H p (S n ) 

p^0,n, 
p = 0,n. 



where 



P 

T>n—1 



[1 : : • • • : 0] , 

P (p^) = { [0 : z 1 : 



L )u(P"-p), 



l ] : (z\...,z n ) GF"-{0}}, 



and consequently 



n (P™ - p) 



: z 
: z r ' 
: z r > 



(z\...,z n ) e F™ - {0} and z e F} ~ P"" 1 , 

(z\...,z n ) eF™} ~F", 

(z\...,z n ) eF™-{0}} ~F"-{0}. 



We have already identified P 1 so we don't need to worry about having a disconnected 
intersection when F = E and n = 1. Using that F" — {0} deformation retracts to 
the unit sphere S of dimension dimu F"-lwe see that the Meyer-Vietoris sequence 
reduces to 

->• H 1 (P n ) -> i? 1 (P™- 1 ) -s- H 1 (S) -> ••• 
• • • -> JP" 1 (S) -> i? p (P n ) -> iP (P"" 1 ) -> JP (S) -> • • • 
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for p > 2. To get more information we need to specify the scalars and in the real 
case even distinguish between even and odd n. First assume that F = C. Then 
S = S 2 "" 1 and CP 1 ~ S 2 . A simple induction then shows that 



H p (CP") 



0, p = l,3,...,2n-l, 
E, p = 0,2,4,...,2n. 



When F = E, we have 5 = S"" 1 and MP 1 ~ S 1 . This shows that H p (MP™) = 
when p — 1, ...,n — 2. The remaining cases have to be extracted from the last part 
of the sequence 

-> if™" 1 (MP™) -> iJ™" 1 (MP"" 1 ) -> i?"" 1 (S 1 "" 1 ) -> if" (MP") -> 
where we know that 

This first of all shows that H n (MP") is either or M. Next we observe that the 
natural map 

H k (MP") -> H k (S n ) 

is always an injection. To see this note that if it : S n — > MP" is the natural 
projection and A : S n — > 5" the antipodal map then 7r o A — n. So if 7r*ix> = d<f>, 
then 7T*o; = d\ (<p + A*<p). But \ {4> + A*<p) is invariant under the antipodal map 
and thus defines a form on projective space. Thus showing that oj is itself exact. 
Note that this uses that the projection is a local diffeomorphism. This means that 
we obtain the simpler exact sequence 

-> H 71 - 1 (MP"" 1 ) -> if"" 1 (5"" 1 ) fl" (MP") -> 

Form this we conclude that H n (MP") = iff i?"" 1 (MP" -1 ) = M. Given that 
i? 1 (MP 1 ) = M we then obtain the cohomology groups: 



0, P>1, 
0. 



!n\ = f 0, p 

iF (MP 2 " +1 ) = 



3, 2n>p>l, 
R, p = 0,2n + l. ' 

3.3. Poincare Duality 

The last piece of information we need to understand is how the wedge product 
acts on cohomology. It is easy to see that we have a map 

H" (M) x H q (M) -> H p+q (M) , 

(M , M) -+ [VAw]. 

We are interested in understanding what happens in case p + q = n. This requires 
a surprising amount of preparatory work. First we have 

Theorem 3.3.1. If M is an oriented closed n-manifold, then we have a well- 
defined isomorphism 



H n (M) ->■ M, 

[lj] / OJ. 

Jm 
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Proof. That the map is well-defined follows from Stokes' theorem. It is also 
onto, since any form with the property that it is positive when evaluated on a 
positively oriented frame is integrated to a positive number. Thus, we must show 
that any form with J M uJ = is exact. This is not easy to show, and in fact, it is 
more natural to show this in a more general context: If M is an oriented n-manifold, 
then any compactly supported n-form uj with J M uj = is exact. 

The proof of this result is by induction on the number of charts it takes to 
cover the support of uj. But before we can start the inductive procedure, we must 
establish the result for the n-sphere. 

Case 1: M = S n . We know that H n {S n ) = R, so / : H n (S n ) -> R must be an 
isomorphism. 

Case 2: M = R™. We can think of M = S n — {p} . Any compactly supported 
form uj on M therefore yields a form on S n . Given that J M uj = 0, we therefore also 
get that J s „ uj = 0. Thus, uj must be exact on S n . Let tp £ fi™ -1 (S n ) be chosen 
such that dip = uj. Use again that uj is compactly supported to find an open disc 
U around p such that uj vanishes on U and U U M = S n . Then tp is clearly closed 
on U and must by the Poincare lemma be exact. Thus, we can find 9 £ Q, n ~ 2 (U) 
with d6 = -0 on U. This form does necessarily extend to S n , but we can select a 
bump function A : S n — > [0, 1] that vanishes on S n — U and is 1 on some smaller 
neighborhood V C U around p. Now observe that ip — d (X9) is actually defined on 
all of S n . It vanishes on V and clearly 

d(ip-d(\6)) = dip = uj. 

Case 3: suppcj C Al) B where the result holds on the open sets A, B C M. 
Select a partition of unity A^ + Xb = 1 subordinate to the cover {A, B} . Given an 
n-form uj with J M uj = 0, we get two forms A^ • uj and A# • uj with support in A and 
B, respectively. Using our assumptions, we see that 

/ 

= X A ■ uj + X B ■ uj- 

J A J B 

On An B we can select an n-form uj with compact support inside AnB such that 

uj = / Xa ■ uj- 

AnB J A 



= / uj 



Using uj we can create two forms, 



Xa ■ oj — uj, 
X B ■ uj + uj, 



with support in A and B, respectively. From our constructions it follows that they 
both have integral zero. Thus, we can by assumption find ipA and %ps with support 
in A and B, respectively, such that 

dip a = Xa ■ uj — uj, 
dips = X B ■ uj + uj- 
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Then we get a globally defined form ip = ipA + i^B with 

dip — \a- u — w + As-w + (D 
= (Aa + A b )-w 

= CO. 

The theorem now follows by using induction on the number of charts it takes to 
cover the support of uj. □ 

The above proof indicates that it might be more convenient to work with com- 
pactly supported forms. This leads us to compactly supported cohomology, which is 
defined as follows: Let QP (M) denote the compactly supported p-forms. With this 
we have the compactly supported exact and closed forms B P (M) C (M) (note 
that d : QP C (M) — > (M)). Then define 

c{ ' B P (M)- 

Needless to say, for closed manifolds the two cohomology theories are identical. For 
open manifolds, on the other hand, we have that the closed 0-forms must be zero, 
as they also have to have compact support. Thus H® (M) — {0} if M is not closed. 

Note that only proper maps F : M — > N have the property that they map 
F* : VL P C (N) -> n p c (M) . In particular, if A C M is open, we do not have a map 
H p (M) — > HP (A) . Instead we observe that there is a natural inclusion QP (A) — > 
flP (M) , which induces 

HI (A) -+ HP C (M) . 
The above proof, stated in our new terminology, says that 

ff c " (M) -> M, 



/ 



iw| ^ uj 

I M 

is an isomorphism for oriented n-manifolds. Moreover, using that K" = S n — {p} , 
Case 2 in the above proof shows that 

H? (R n ) = R 

a similar but simpler argument can now be used to prove: 

HP (R n ) = 0, p < n. 

In order to carry out induction proofs with this cohomology theory, we also 
need a Meyer- Vietoris sequence: 

► hp (A n B) — > ff c p (A) e (B) — ► # p (M) — > ff c p+1 (A n B) — > • • • . 

This is established in the same way as before using the diagram 

o — -> np c +1 (AnB) — -> np c +1 (A) ® np c +1 (B) — > fi£ +1 (M) — > o 

td td td 

— > OP(AnB) — > — > ng(M) — > 

where the horizontal arrows are defined by: 

w c (AnB) -+ n?(A)efi?(B) 
H -+ (M,-M) 
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and 

np(A)en?(s) -+ n p (M) 

Theorem 3.3.2. Le£ M be an oriented n-manifold. The pairing 
H p (M) x H?-p (M) R, 

is well-defined and nondegenerate. In particular, the two cohomology groups H p (M) 
and H™~ p (M) are dual to each other and therefore have the same dimension as 
finite-dimensional vector spaces. 

Proof. For the case M = R n , this theorem follows from the Poincare lemma 
and the above calculation of H p (R™). Next note that if M is the disjoint union of 
a possibly infinite collection of open sets and the result holds for each open set then 
it must hold for M. In general suppose M = A U B, where the theorem is true for 
A, B, and AO B. Note that the pairing gives a natural map 

H p (N) -> (H?- p (N))* = horn (H^ p (N) , R) 

for any manifold N. We apparently assume that this map is an isomorphism for 
N = A, B, A n B. Using that taking duals reverses arrows, we obtain a diagram 
where the left- and right most columns have been eliminated 

-I- H p ~ l (AnB) -> H P (M) -> HP(A)($HP(B) -> 

4* *T \- 

-> (H™~ p+1 (A n B))* -> (H^-p(M))* -> (H n ~ p (A))* © (H n ~ p (B))* -> 

Each square in this diagram is either commutative or anti-commutative (i.e., com- 
mutes with a minus sign.) As all vertical arrows, except for the middle one, are 
assumed to be isomorphisms, we see by a simple diagram chase (the five lemma) 
that the middle arrow is also an isomorphism. 

It is now clear that the theorem holds for all open subsets of W 1 that are finite 
unions of open convex sets. This in turn shows that we can prove the theorem for 
all open sets in R™. Use an exhaustion of compact sets to write such an open set as 
a union (J Ui where each [/, is a finite union of convex sets and Ui fl Uj = when 
\i ~ j\ > 2. Thus the theorem holds for [j U 2i , U U 2l +i, and (|J U 2i ) n flj U 2l +i) 
and consequently for the entire union. 

Finally we can establish the theorem in general. The argument is similar to 
the argument that worked for open sets in W 1 . Write M = [J Ui where each Ui is a 
finite union of charts and Ui fl Uj =0 when \i — j\ > 2. This means the theorem 
holds for |J U 2 i, [J U 2 i + i, and ((J U 2 i) n ((J C/bi+i) an d consequently for the entire 
union. 

Alternately one can prove this my showing that if M = |J Oj where Oi C Oj+i 
and the result holds for each Oi then it also holds for M. This depends on showing 
that H* (M) = hmi/* (Oi). Restriction defines a natural map from H* (M) to 
hm Jf * (Oi). Conversely, we obtain a natural map in the opposition direction the 
following way. An element of hjm-ff* (Oi) consists of [wj] G H k (Oi) such that 
[wi|oi_i] = [wj-i]- Now alter these choices by defining u>i = uji — d^rji) where 
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fa = 1 on Oi-2 and fa — on M — Oj_i and u>i\o i _ 1 = + cir^. Then 

Wi|o 4 _2 = Wj| 0i _ 2 - d(farn) | 0i _ 2 
= - |o 4 _ 2 

= Wj_l|Oi_2 

So on a fixed compact set these forms will eventually agree. This means we obtain 
a globally defined form Co that restricts to u>i. □ 

Corollary 3.3.3. On a closed oriented n-manifold M we have that H p (M) 
and H n ~ p (M) are isomorphic. 

Note that KP 2 does not satisfy this duality between H° and H 2 . In fact we 
always have 

Theorem 3.3.4. Let M be an n-manifold that is not orientable, then 

(M) = 0. 

PROOF. We use the two-fold orientation cover F : M — > M and the involution 
A : M — > M such that F — F o A. The fact that M is not orientable means that 
A is orientation reversing. This implies that pull-back by A changes integrals by a 
sign: 

f V = ~ f r, e Sl n c (m) . 

Jm Jm v ' 

To prove the theorem select u> £ f2™ (M) and consider the pull-back F*uj e 
0™ (^) • ^ mce F = F o A this form is invariant under pull-back by A 



[ F*lj= [ A*oF*lu. 
rses orientation 

JM JM 



On the other hand as A reverses orientation we must also have 

A* o F*oj. 



I M JM 

Thus 



/. 

JM 



F*uj = 0. 

I M 

This shows that the pull back is exact 

F*u = dil>, v e ^r 1 (m) 

The form ip need not be a pull back of a form on M, but we can average it 

^^W + ^eor 1 (m) 

to get a form that is invariant under A 

A*4> = ^(A*tp + A*A*iP) 

= l -(A^ + rP) 

= 
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The differential, however, stays the same 

dtp = ^ {dtp + A* dtp) 

= X - (F*u + A*F*uj) 
= F*u. 

Now there is a unique <p € (^0 i sucn that ^ r *</' = V'- Moreover c?</> = w, since 

F is a local diffeomorphism and 

lo = F*d(p = dF*<j) = dij} 

□ 

The last part of this proof yields a more general result: 
Corollary 3.3.5. Let F : M — > N be a two-fold covering map, then 

F* : HP (N) -> HP (M) 

is an injection. 

3.4. Degree Theory 

Given the simple nature of the top cohomology class of a manifold, we see that 
maps between manifolds of the same dimension can act only by multiplication on 
the top cohomology class. We shall see that this multiplicative factor is in fact an 
integer, called the degree of the map. 

To be precise, suppose we have two oriented n-manifolds M and N and also a 
proper map F : M — > N. Then we get a diagram 

H r c l (N) ^ tf™ (M) 
II II 
R A R. 

Since the vertical arrows are isomorphisms, the induced map /* yields a unique 
map d : R — > R. This map must be multiplication by some number, which we call 
the degree of /, denoted by degF. Clearly, the degree is defined by the property 



/ F*w = dcgF- / w. 

J M J N 



' M J N 

From the functorial properties of the induced maps on cohomology we see that 

deg (F o G) = dcg (F) dcg (G) 

Lemma 3.4.1. If F : M — > N is a diffeomorphism between oriented n-manifolds, 
then degF = ±1, depending on whether F preserves or reverses orientation. 

PROOF. Note that our definition of integration of forms is independent of co- 
ordinate changes. It relies only on a choice of orientation. If this choice is changed 
then the integral changes by a sign. This clearly establishes the lemma. □ 



THEOREM 3.4.2. If F : M — > TV is a proper map between oriented n-manifolds, 
then degF is an integer. 
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PROOF. The proof will also give a recipe for computing the degree. First, we 
must appeal to Sard's theorem. This theorem ensures that we can find y G N such 
that for each x € F^ 1 (y) the differential DF : T X M — > T y N is an isomorphism. 
The inverse function theorem then tells us that F must be a diffeomorphism in a 
neighborhood of each such x. In particular, the preimage F^ 1 (y) must be a discrete 
set. As we also assumed the map to be proper, we can conclude that the preimage 
is finite: {xi, . . . , x^} = F^ 1 (y) . We can then find a neighborhood U of y in N, 
and neighborhoods Ui of Xi in M, such that F : Ui — >■ U is a diffeomorphism for 
each i. Now select wefij (U) with J w = 1. Then we can write 

k 

F*lo = ^F*lo\ u% , 

i=l 

where each F*u\u i has support in C/j. The above lemma now tells us that 

I F*u\ Ui =±l. 

JUi 

Hence, 



degF = 




is an integer. □ 

Note that J v F*uj\u t is ±1, depending simply on whether F preserves or re- 
verses the orientations at x^. Thus, the degree simply counts the number of preim- 
ages for regular values with sign. In particular, a finite covering map has degree 
equal to the number of sheets in the covering. 

We get several nice results using degree theory. Several of these have other 
proofs as well using differential topological techniques. Here we emphasize the 
integration formula for the degree. The key observation is that the degree of a map 
is a homotopy invariant. However, as we can only compute degrees of proper maps 
it is important that the homotopies are though proper maps. When working on 
closed manifolds this is not an issue. But if the manifold is Euclidean space, then 
all maps are homotopy equivalent, although not necessarily through proper maps. 

Corollary 3.4.3. Let F : M — > N be a proper nonsingular map of degree ±1 
between oriented connected manifolds, then F is a diffeomorphism. 

Proof. Since F is nonsingular everywhere it either reverses or preserves ori- 
entations and all points. If the degree is well defined it follows that it can only be 
±1 if the map is injective. On the other hand the fact that it is proper shows that 
it is a covering map, thus it must be a diffeomorphism. □ 

Corollary 3.4.4. The identity map on a closed manifold is not homotopic to 
a constant map. 
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Proof. The constant map has degree while the identity map has degree 1 
on an oriented manifold. In case the manifold isn't oriented we can lift to the 
orientation cover and still get it to work. □ 

Corollary 3.4.5. Even dimensional spheres do not admit nonvanishing vector 
fields. 

Proof. Let X be a vector field on S n we can scale it so that it is a unit 
vector field. If we consider it as a function X : S n — > S n C R n+1 then it is always 
perpendicular to its foot point. We can then create a homotopy 

H (p, t) = p cos (nt) + X p sin (nt) . 

Since p _L X p and both are unit vectors the Pythagorean theorem shows that 
H (p, t) e S n as well. When t = the homotopy is the identity, and when t = 1 
it is the antipodal map. Since the antipodal map reverses orientations on even 
dimensional spheres it is not possible for the identity map to be homotopic to the 
antipodal map. □ 

On an oriented Riemannian manifold (M, g) we always have a canonical volume 
form denoted by dvol ff . Using this form, we see that the degree of a map between 
closed Riemannian manifolds F : (M, g) — > (N, h) can be computed as 



degF 



J M F* (dvol h ) 



vol (N) 

In case F is locally a Riemannian isometry, we must have that: 

F* (dvol h ) = ±dvo\ g . 

Hence, 

volM 
deg F = ± - 



vol/V 

This gives the well-known formula for the relationship between the volumes of 
Riemannian manifolds that are related by a finite covering map. 
On R™ — {0} we have an interesting (n — l)-form 

n 

w = r~ n x ' dxl A • • • A dx i A • • • A dx n 

i=l 

that is closed. If we restrict this to a sphere of radius e around the origin we see 
that 

f w = s~ n f y2(-lY +1 x i dx 1 A---Adx~ i A---Adx n 

= e ~ n I d(ir(-iy +1 x'dx 1 



"J- 

Jb. 



A ■ ■ ■ A dx i A ■ ■ ■ A dx r< 
ndx 1 A • • • A dx n 



<B(0,e) 

ne- n vo\B (0, e) 
nvoLB (0, 1) 
vol^i S"- 1 (1) . 
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More generally if F : M n 1 — > R n — {0} is a smooth map then it is clearly homotopic 
to the map f\ : M" _1 -> S" 1 - 1 (1) defined by F : = F/ |F| so we obtain 

1 / F*w = 1 

vol^S"- 1 (1) 7 M voWS"- 1 (1) 

= deg^i 

This is called the winding number of F. 

3.5. Generalized Cohomology 

In this section we are going to explain how one can define relative cohomology 
and also indicate how it can be used to calculate some of the cohomology groups 
we have seen earlier. 

We start with the simplest and most important situation where S C M is a 
closed submanifold of a closed manifold. 

PROPOSITION 3.5.1. If S C M is a closed submanifold of a closed manifold, 
then 

1. The restriction map i* : Q p (M) — > Q p (S) is surjective. 

2. If oo e OP (S) is closed, then lo = Co e Q p (M) , where dCo e tt p+1 (M - S) . 

3. If Co_e n p (M) with did e VL p+ ^ (M - S) and uj = i* (u>) e n p (S) is exact, 
then Co - d6 e fl p (M - S) for some 9 e fi p_1 (M) . 

PROOF. Select a neighborhood S d U d M that deformation retracts 7r : 
[/ — > 5. Then z* : i7 p (J7) — > i? p (S) is an isomorphism. We also need a function 
A : M — > [0, 1] that is compactly supported in £/ and is 1 on a neighborhood of 5. 

1. Given u e n p (S) let Co = Xir* {lo) . 

2. With that choice dCo = dX A ir* (lo) + Xir* (dui) so the second property is also 
verified. 

3. Conversely assume that Co e £l p (M) has dCo e fl p+1 (M - S). By possibly 
shrinking the support for A to make it disjoint from the support of dCo we can 
assume that XCD is closed. If we assume that i* (XCd) = lo is exact, then Xui = d6 for 
9 e fl p (U). We can then use 9 = X9 and note that 

Co - d9 = Co ~ dXA9 - Xd9 

= Co- dXA9- X 2 Cb 

e n p (m - s) . 

□ 

This shows that we have a short exact sequence 

o -> n p (m, s) -> n p (m) — > n p (s) -> o, 

n p (M,S) = ker(i* : OP (M) -> Q p (S)) 
as well as a natural inclusion 

0? (M - 5) -> O p (M, 5) 
that is an isomorphism on cohomology. 

COROLLARY 3.5.2. Assume S C M is a closed submanifold of a closed manifold, 

then 

-> F c p (M - S) -> £P (M) -> i? p (5) -> iJ c p+1 (M - 5) -> 
is a long exact sequence of cohomology groups. 
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Good examples are S n 1 C S" with S n — S n 1 being two copies of R™ and 
pn-i c p ™ where p« _ pn-i _ pn_ Thig giyeg ug & different i n d uc tive method 

for computing the cohomology of these spaces. Conversely, given the cohomology 
groups of those spaces, it computes the compactly supported cohomology of R™. It 
can also be used on manifolds with boundary: 

— > H p (intM) -> iF (M) — > iP (dM) -> 7P+ 1 (intM) — > 

where we can specialize to M = D n C R™, the closed unit ball. The Poincare 
lemma computes the cohomology of D n so we get that 

H p+1 (B n ) ~ iP (S"^ 1 ) . 

For general connected compact manifolds with boundary we also get some interest- 
ing information. 

Theorem 3.5.3. If M is an oriented compact n-manifold with boundary, then 

H n (M) = 0. 

Proof. If M is oriented, then we know that dM is also oriented and that 

iP (M, dM) = H? (intM) ~ R 

iP (dM) = {0} , 

iP" 1 (dM) ~ M fe , 

where fc is the number of components of dM. The connecting homomorphism 
H n ~ x (dM) -> if™ (intM) can be analyzed from the diagram 

— > fl n (M,dM) fl n (M) fl n (dM) 

td td td 

— > Q™ -1 (M, <9M) — > ft"" 1 ^) — > O^-^QM) — > 

Evidently any w £ SI™ -1 (3M) is the restriction of some a) e fi n_1 (M) , where we 
can further assume that dui £ O™ (M) . Stokes' theorem then tells us that 



/ dio — lu = I 

Jm JdM Jd 



UJ. 

dM 



This shows that the map H n 1 (dM) — > if™ (intM) is nontrivial and hence surjec- 
tive, which in turn implies that if™ (M) — {0} . □ 

It is possible to extend the above long exact sequence to the case where M is 
noncompact by using compactly supported cohomology on M. This gives us the 
long exact sequence 

-> H p (M - 5) -> HI (M) -> iP (5) -> ff c p+1 (M - S) -> 

It is even possible to also have S 1 be noncompact if we assume that the embedding 
is proper and then also use compactly supported cohomology on S. 

We can generalize further to a situation where S is simply a compact subset of 
M. In that case we define the deRham-Cech cohomology groups H p (S) using 

^ - =S M wTTv' 

~ cj 2 in LJ\ — UJ2 on a ngbd of 6 

w G tt p (M) 
and the short exact sequence 

o^n p (m -s)^n p (M) -> o p (s*) -> o. 
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This in turn gives us a long exact sequence 

-> HP (M — S) -> HP (M) -> i? p (5) -> iJ c p+1 (M - S) -> 

Finally we can define a more general relative cohomology group. We take a 
differentiable map F : S M between manifolds. It could, e.g., be an embedding 
of S C M, but S need not be closed. Define 

n p (f) = n p (m) e n?- 1 (s) 

and the differential 

d : n p (F) -> n p+1 (F) 

d(u>,ip) = (duj, F*cu - dip) 

Note that d 2 = so we get a complex and cohomology groups H p (F) . These 
"forms" fit into a sort exact sequence 

-> ft" -1 (S 1 ) Q p (F) -> £F (M) -> 0, 

where the maps are just the natural inclusion and projection. When we include the 
differential we get a large diagram where the left square is anti-commutative and 
the right one commutative 

-> fiP(S) -> fi? +1 (M) © Q*> (5) -> Op +1 (M) -> 

-> iV- 1 {S) -> ft p (Af) © Of" 1 (5) -> O p (M) -> 

This still leads us to a long exact sequence 

-> iP" 1 (S) -> £P (F) -> JF (M) -> £P (S*) -> 

The connecting homomorphism H p (M) — > i? p (S) is in fact the pull-back map F* 
as can be seen by a simple diagram chase. 

In case i : S C Af is an embedding we also use the notation H p (Af, 5) = F p (i) . 
In this case it'd seem that the connecting homomorphism is more naturally defined 
to be H p_1 (S) — > H v (Af, S) , but we don't have a short exact sequence 

-> IF (Af ) n*- 1 (S) -> fF (M) -> £F (£) -> 

hence the tricky shift in the groups. 

We can easily relate the new relative cohomology to the one defined above. 
This shows that the relative cohomology, while trickier to define, is ultimately 
more general and useful. 

Proposition 3.5.4. Ifi:ScMisa closed submanifold of a closed manifold 
then the natural map 

n p c (m -s) -> w (M) © sp- 1 (s) 

cv -> (w,0) 

defines an isomorphism 

HP (Af - S) ~ ff p (t) . 

Proof. Simply observe that we have two long exact sequences 

-> ff p (t) -> ff p (M) -> ff p (5) -> ff p+1 (i) -> 

-> ff c p (M - S) -> if p (M) -> ff p (5) -> ff c p+1 (Af - S 1 ) -> 
where two out of three terms are equal. □ 
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Finally, now that we have a fairly general relative cohomology theory we can 
establish the well-known excision property. This property is actually a bit delicate 
to establish in general algebraic topology and also requires a bit of work here. 

Theorem 3.5.5. Assume that a manifold M = UiiV, where U and V are open, 
then the restriction map 

H p (M, U) -> H p (V, UDV) 

is an isomorphism. 

Proof. First select a partition of unity Xjj, Ay relative to U, V. Then Ac/, Ay 
are constant on M — U n V and hence dXu — = dAy on M — U n V. 
We start with injectivity. Take a class [(w, ip)] £ H p (M, {/) , then 

dw = 0, 

uj\u = dip. 

If the restriction to (V,U H V) is exact then we can find (p,ip) £ fi p_1 (V) 
OP- 2 ({/ n V) such that 

w|y = diU, 

ip\ Un v = u\ unv -dip. 

This shows that 

(V> + d(Ay^)) |c/nv = (u-d(\ui>))\unv, 

^ + rf(Ay^) e n*- 1 ^), 
w-d(Ai/^) e Qf-^y). 

Thus we have a form w G f2 p_1 (M) defined by ^ + d (Ay V>) on £/ and ui — d (\u4>) 
on V. Clearly dui = u> and ip = Cb\u — d (Ay^>) so we have shown that (u>, ip) is exact. 
For surjectivity select (u,ip) £ ft? -1 (V) ® O p ~ 2 (U n V) that is closed 

dw = 0, 
w|c/nv = ca- 
using 

u\unv - d(\ui>) = d (Ay0) , 
w-d(Ai^) e O p (V), 

d(Ay^) g n p (u) 

we can define cj as ui — d {X-uW) on V an d ^ (Ay V>) on U. Clearly ui is closed 
and uj\u — d (Ay ip) . Thus we define V = Ay?/> in order to get a closed form 
(w, V) € fi p _(M) (C/) . Restricting this form to fl p (V) ® QP' 1 (U n V) yields 
(cD — d (Af7'0) ; Xyip) which is not (a), -0) . However, the difference 

(u>, ^) - (w - d (Ac/^) , Ay ip) = {d{\ui>) ,\ui>) 

= d{\ui>,Q) 

is exact. Thus [(w, V)] € i? p (M, f7) is mapped to [(a), 0)] G i? p (V, [/ n V) . □ 
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Characteristic Classes 

4.1. Intersection Theory 

Let S k C N n be a closed oriented submanifold of an oriented manifold. The 
codimension is denoted by m = n — k. By integrating /c-forms on N over S we 
obtain a linear functional H k (TV) — > M. The Poincare dual to this functional is an 
element r?^ G iJ c m (TV) such that 

oj = rig A w 

is y m 

for all to £ H k (N) . We call ^ the dual to S C AT. The obvious defect of this 
definition is that several natural submanifolds might not have nontrivial duals for 
the simple reason that H™ (N) vanishes, e.g., N — S n . 

To get a nontrivial dual we observe that J s uj only depends on the values of co 
in a neighborhood of S. Thus we can find duals supported in any neighborhood U 
of S in N, i.e., r/g £ H™ (U) . We normally select the neighborhood so that there 
is a deformation retraction 7r : U — > S. In particular 

7T* : H k (S) -> (C/) 

is an isomorphism. In case S 1 is connected we also know that integration on H k (S) 
defines an isomorphism 

J :H k (S)^R 

This means that 77^ is just the Poincare dual to 1 £ R modulo these isomorphisms. 
Specifically, if u £ H k (S) is a volume form that integrates to 1, then 

/ rjs Att*oj = 1. 
Ju 

Our first important observation is that if we change the orientation of 5*, then 
integration changes sign on S and hence rjg also changes sign. This will become 
important below. 

The dual gives us an interesting isomorphism called the Thorn isomorphism. 

Lemma 4.1.1. (Thorn) The map 

Hr m (S) -+ H*(U) 

uj -> rjg A 7r* (lu) 

is an isomorphism. 
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Proof. Using Poincare duality twice we see that 

HP(U) ~ hom(H n - p (U),R) 
~ hom(ff"- p (5'),M) 
~ H p c - m {S) 
Thus it suffices to show that the map 

Hr m (S) -+ H*{U) 

oj -> rjg A 7T* (w) 

is injective. When p = n this is clearly the above construction. For p < n select 
t G # ™~ p (5) ~ ff 1 -" (U) , then cj A r e H k (S) so 

/ r/g A 7r* (w) A rr* (r) = / T)g A 7T* (w A r) 

i(7 it/ 



'S 

Note that since r is closed the form rjg An* (oj)An* (t) is exact provided rjg An* (oj) 
is exact. Therefore the formula shows that the linear map r — > J s oj A r is trivial if 
ijg A n* (uj) is trivial in H% (U) . Poincare duality then implies that lj itself is trivial 
in HP- m (5) . ' □ 

The next goal is to find a characterization of rfg when we have a deformation 
retraction submersion n : U — > S. 

Proposition 4.1.2. The dual is characterized as a closed form with compact 
support that integrates to 1 along fibers n^ 1 (p) for all p G S. 

Proof. The characterization requires a choice of orientation for the fibers. It is 
chosen so that T v n~ x {p)®T p S and T p N have the same orientation (this is consistent 
with [Guillemin- Pollack], but not with several other texts.) For oj £ fi fe (S) we 
note that n*oj is constant on 7r -1 (p) , p £ S. Therefore, if i] is a closed compactly 
supported form that integrates to 1 along all fibers, then 



as desired. 

Conversely we define 



/ rig A n*oj = oj 
Ju ' Js 



f : S -+ K, 

f(p) = f n u s 



and note that 



r]^An*oj^ I foj 



for all oj. Since the support of oj can be chosen to be in any open subset of S, this 
shows that / = 1 on S. □ 



In case S is not connected the dual is constructed on each component. 
Next we investigate naturality of the dual. 
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Theorem 4.1.3. Let F : M — > N be transverse to S, then for suitable U we 
have 

Proof. To make sense of Vf-i[s) we nee d to choose orientations for F^ 1 (S) . 
This is done as follows. First note that by shrinking U we can assume that F^ 1 (U) 
deformation retracts onto F^ 1 (S) in such a way that we have a commutative 
diagram 

F- 1 (U) -A U 

I 7T I 7T 

F- 1 (S) -A 5 

Transversality of F then shows that F restricted to the fibers F : tt^ 1 (q) — > 
7T _1 (F (q)) is a diffeomorphism. We then select the orientation on n^ 1 (q) such 
that F has degree 1 and then on TgF^ 1 (S) such that T^tt" 1 (q) © T q F~ l (S) has 
the orientation of T q M. In case F~ l (S) is a finite collection of points we are simply 
assigning 1 or —1 to each point depending on whether 7r _1 (q) got oriented the same 
way as M or not. With all of these choices it is now clear that if rjg integrates to 
1 along fibers then so does the pullback F* (77^) , showing that the pullback must 

represent Vp—^tsy ^ 

This gives us a new formula for intersection numbers. 

Corollary 4.1.4. 7/dimM + dimS 1 = dim TV, and F : M N is transverse 
to S, then 

I(F,S)=[ F*( V <g). 

JF-t(U) 

The advantage of this formula is that the right-hand side can be calculated even 
when F isn't transverse to S. And since both sides are invariant under homotopies 
of F this gives us a more general way of calculating intersection numbers. We shall 
see how this works in the next section. 

Another interesting special case of naturality occurs for submanifolds. 

COROLLARY 4.1.5. Assume S\,S2 C N are transverse and oriented, with suit- 
able orientations on S\ n S2 the dual is given by 

VS! A r) S2 = rj Sl nS2- 

Finally we wish to study to what extent 77 depends only on its values on the 
fibers. First we note that if the tubular neighborhood S C U is a product neigh- 
borhood, i.e. there is a diffeomorphism F : D x S — > U which is a degree 1 
diffeomorphism on fibers: D x {p} — > ir^ 1 (p) for all p£ S, then r]g XS — F* (r]g) 
can be represented as the volume form on D pulled back to D x S. 

To better measure this effect we define the Euler class 

e u s =i* (^)eH m (S) 
as the restriction of the dual to 5*. Since duals are natural we quickly get 

PROPOSITION 4.1.6. Let F : M ->• N be transverse to S, then for suitable U 
we have 
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This shows 

Corollary 4.1.7. If U is a trivial tubular neighborhood of S, then eg = 0. 
We also see that intersection numbers of maps are carried by the Euler class. 
Lemma 4.1.8. If dim M + dim 5 = dim N, and F : M -> N , then 

I(F,S)= f F* (tt* (e u s )) . 

Proof. Assume that 7r : U — > S is a deformation retraction. Then F and 
i o 7T o F are homotopy equivalent as maps from F~ x (U) . This shows that 

I(F,S) = f F*( V V) 

f (ionoFTin") 
JF-HU) 

(noF)*(i*^) 
F* (tt* (eg)) . 

□ 



lF~i(U) 

J 

JF- l (U) 

j 

Jf-hu) 

j 

JF-i-(U) 



This formula makes it clear that this integral really is an intersection number 
as it must vanish if F doesn't intersect S. 

Finally we show that Euler classes vanish if the codimension is odd. 

Theorem 4.1.9. The Euler class is characterized by 

r^ATT* (e u s )=n u s An u s eH 2 c m (U). 

In particular eg = if m is odd. 

PROOF. Since 7r* (eg) and r]g represent the same class in H m (U) we have that 

( e s) ~Vs = dbJ - 

Then 

«#A7r*(eg)-»#A»# = fs^idu) 

Since ?yg A lo is compactly supported this shows that r;g A 7r* (eg) = r/g A r/g. 

Next recall that we have an isomorphism r;g A n* (•) : H m (S) -> H^ m (U) . 
Thus eg = if 7?g A ryg = 0. This applies to the case when m is odd as 



a 
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4.2. The Kiinneth-Leray-Hirch Theorem 

In this section we shall compute the cohomology of a fibration under certain 
simplifying assumptions. We assume that we have a submersion-fibration it : N — > 
S where the fibers are diffeomorphic to a manifold M and that S is connected. As 
an example we might have the product M x S — > S. We shall further assume that 
the restriction to any fiber is a surjection in cohomology 

H* (N) -> N* (M) -> 

In the case of a product this obviously holds since the projection M x S — > M 
is a right inverse to all the inclusions M — > M x {s} C A'/ x S. In general such 
cohomology classes might not exist, e.g., the fibration S 3 — > 5 2 is a good counter 
example. 

It seems a daunting task to check the condition for all fibers in a general situ- 
ation. Assuming we know it is true for a specific fiber M = ir^ 1 (s) we can select a 
neighborhood U around s such that 7r _1 (U) = M xU. As long as U is contractible 
we see that tt^ 1 (U) and M are homotopy equivalent and so the restriction to any 
of the fibers over U will also give a surjection in cohomology. Covering S with 
contractible sets now shows that the restriction to all of the fibers has to be a sub- 
mersion since S is connected. In fact this construction gives us a bit more. First 
note that for a specific fiber M it is possible to select n € H* (N) that form a 
basis for H* (M). The construction now shows that Tj restrict to a basis for the 
cohomology of all fibers as long as S is connected. 

Theorem 4.2.1. (Kiinneth-Leray-Hirch) Given the above collection r i} a basis 
for H* (N) can be found by selecting a basis Uk for H* (S) and then constructing 
n A F* ( Wfc ) . 

PROOF. We employ the usual induction trick over open subsets of S. Note that 
if U C S is an open subset we get a submersion-fibration 7r : 7r _1 (U) — > U and the 
restriction of Ti to 7r _1 (U) obviously still have the desired properties. 

In case U is diffeomorphic to an open disc and the bundle is trivial over U the 
result is obvious as M x U has the same cohomology as M. 

Next assume that the result holds for open sets U, V, U n V C S. A restatement 
of the theorem will now make it clear that the five-lemma in conjunction with the 
Meyer- Vietoris sequence shows that also U U V must satisfy the theorem. 

The restatement is as follows: First note that we have a natural map 

span{Tj<g> H* (S) -> H* (N) 

Ti ® W — > Ti A 7T* (cj) 

that can be graded by collecting all terms on the left hand side that have degree p. 
Defining 

H p = span {n ® H q (S) : dcg n = p - q} 
we assert that the map 

H p -> i? p (AO 

is an isomorphism for all p. □ 

Kiinneth's theorem or formula is the above result in the case where the fibration 
is a product, while the Leray-Hirch theorem or formula is for a fibration of the above 
type. 
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4.3. The Hopf-Lefschetz Formulas 

We are going to relate the Euler characteristic and Lefschetz numbers to the 
cohomology of the space. 

Theorem 4.3.1. (Hopf-Poincare) Let M be a closed oriented n-manifold, then 

X (M) = I (A, A) = J2 (-If dim H* (M) . 
PROOF. If we consider the map 

(id, id) : M -> A, 
(id, id) (x) = (x, x) , 

then the Euler characteristic can be computed as the intersection number 

X(M) = I (A, A) 

= I((id,id),A) 

(id,id)* (^ XM ) • 



/ 

J M 



Thus we need a formula for the Poincare dual 77 a = n^ xM . To find this formula 
we use Kiinneth's formula for the cohomology of the product. To this end select a 
basis u>i for the cohomology theory H* (M) and a dual basis n, i.e., 

/ w i AT j =6 ij , 

J M 

where the integral is assumed to be zero if the form u>i A Tj doesn't have degree n. 

By Kiinneth's theorem ir'l (wj) A n% (tj) is a basis for H* (M x M) . The dual 
basis is up to a sign given by -k\ (r/j) A tt^ (oji) as we can see by calculating 

/ TT{ (Wj) A TT* 2 (Tj) A Til (T k ) A 7T2 (w/) 

JMxM 

= (-l) dcgT ^ dcgTfc f irl A ttJ (7*) A 7T* (r,) A tt* 

JMxM 

= (-l)^^(degr fe+ de gW! ) f ^ ^ ^ ^ ^ A ^ ^ A ^ ^ 

JMxM 

= ^degr^deg^+degu.,) fj ^.^U/ W/ A 

V./M / \JM 



= (-i) de s^( de s^+ de s w ') 5 . fe ^ 

Clearly this vanishes unless i = k and ^ = j. 

This can be used to compute wa for A C M x M. We assume that 



»7A = ^Cijirl (uJi) An; ( Tj ) . 
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On one hand 

/ VA A 7T* (r fe ) A 7T2 (uji) 

JMxM 

= Q J / ^ ^ A ^2 ( T j) A ""l ( T A=) A 12 ( w 

JMxlf 

= ^ Ci .(-l) de s^'( de s^+ de ^0 4 .^ 7 

On the other hand using that (id, id) : M — > A is a map of degree 1 tells us that 

/ ?7A A ttJ (r fe ) A (cj ; ) = / 7T* (r fe ) A tt^ (w;) 
Jmxm Ja 

(id, id)* (tt* (T fe ) A tt^ (wj)) 



/ 



/M 

= T k A0J t 
J M 

= (— i) dc s( Tfc ) dc s( aJl ) 

Thus 

c fci ( — l) dcsT ^ dcsWl+dogrfc ) = (_;L) do S T fc d °g w i 

or in other words c^; = unless k = I and in that case 

Cfcfe _ ^_2-j dc g 7 "fc( 2de g w fc+ d °g' r fc) 
= (_i) dc g Tfc dc g r fc 

This yields the formula 

The Euler characteristic can now be computed as follows 

X (M) = / (^n^) 

JM 

= J (id, zd)* (J2 (-l) dCST * ttJ (Wi) A ^ (r 4 )) 

= £(-1)*^ / Mr, 
Jm 

= ^(-l) degTi 

= ^2(-i) p &™h p (m). 



□ 



A generalization of this leads us to a similar formula for the Lefschetz number 
of a map F : M -> M. 

Theorem 4.3.2. (Hopf-Lefschetz) Let F : M -> M, then 

L(F)=I (graph (F) , A) = ^ (-If tr (F* : H p (M) -> JP (M)) . 
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Proof. This time we use the map (id,F) : M — » graph (F) sending x to 
(x, F (x)) to compute the Lefschetz number 

I (graph (F), A) = f (id 7 F) * VA 

J M 

= j M (E (- 1 ) d ° Sn < A ^ (r<)) 

= ^(-l) dcg ^ / WiAFVi 

J M 



□ 

The definition / (graph (F) , A) for the Lefschetz number is not consistent with 
[Guillemin- Pollack]. But if we use their definition then the formula we just 
established would have a sign (_i) dlmM on ^ This is a very common confusion in 
the general literature. 

4.4. Examples of Lefschetz Numbers 

It is in fact true that tr (F* : H p (M) -> H p (M)) is always an integer, but to 
see this requires that we know more algebraic topology. In the cases we study here 
this will be established directly. Two cases where we do know this to be true are 
when p = or p = dim M, in those cases 

tr (F* : H° (M) -> H° (M)) = # of components of M, 

tr (F* : H n (Af) -> fl" (M)) = degF. 

4.4.1. Spheres and Real Projective Spaces. The simplicity of the coho- 
mology of spheres and odd dimensional projective spaces now immediately give us 
the Lefschetz number in terms of the degree. 

When F : S n -> S n we have L (F) = 1 + (-1)™ degF. This conforms with our 
knowledge that any map without fixed points must be homotopic to the antipodal 
map and therefore have degree (— . 

When F : R¥ 2n+1 -> MP 2n+1 we have L (F) = 1 — deg (F) . This also conforms 
with our feeling for what happens with orthogonal transformations. Namely, if 
F e Gl2 n+2 (K) then it doesn't have to have a fixed point as it doesn't have to have 
an eigenvector, while if F £ Gl^ n+2 (R) there should be at least two fixed points. 

The even dimensional version F : MP 2 ™ — > MP 2 ™ is a bit trickier as the manifold 
isn't orientable and thus our above approach doesn't work. However, as the only 
nontrivial cohomology group is when p = we would expect the mod 2 Lefschetz 
number to be 1 for all F. When F € Gfon+i (R) > this is indeed true as such maps 
have an odd number of real eigenvalues. For general F we can lift it to a map 
F : 5 2 ™ -4- S 2n satisfying the symmetry condition 

F{-x) = ±F(x) . 
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The sign ± must be consistent on the entire sphere. If it is + then we have that 
Fo A = F, where A is the antipodal map. This shows that deg F- (_i) 2 ™ +1 = d e g p t 
and hence that degF = 0. In particular, F and also F must have a fixed point. If 
the sign is — and we assume that F doesn't have a fixed point, then the homotopy 
to the antipodal map 

(l — t)F (x) — tx 



H(x,t) = 



must also be odd 



H(-x,t) 



(l-t)F(x) - tx 



(l-t)F(-x)-t(-x) 
(l-t)F(-x) -t(-x) 
(1 - t) F (x) - t (x) 



This implies that F is homotopic to the identity on 
1. 



(1 - t) F (x) - t (x) 
H(x,t) . 

2n and thus L (F) 



L(id) 



4.4.2. Tori. Next let us consider M — T n . The torus is a product of n circles. 
If we let 6 be a generator for H 1 (S 1 ) and 0* = tt* (0), where 77; : T n -> S 1 is the 
projection onto the i th factor, then Kiinneth formula tells us that H p (T n ) has a 
basis of the form Q ix A • • • A 9 ip , i\ < ■ ■ ■ < i p . Thus F* is entirely determined by 
knowing what F* does to 0j. We write F* (Qi) = ctijOj. The action of F* on the 
basis 8 il A • • • A 8 ip , i\ < ■ ■ ■ < i p is 

F* (9 H A ■ ■ ■ 



J = F*(6 H )A---AF*(6 lp ) 
= a iiji@ji A • • • A cx-i p j p 6j p 



'«Ul 



l v3p ) 



9jx A ■ ■ ■ A jp 



this is zero unless ji, ...,j p are distinct. Even then, these indices have to be reordered 
thus introducing a sign. Note also that there are p\ ordered ji,-.-,j p that when 
reordered to be increasing are the same. To find the trace we are looking for 
the "diagonal" entries, i.e., those ji,...,j p that when reordered become i 1 ,...,i p . If 
S (ii, ...,i p ) denotes the set of permutations of ii, ...,i p then we have shown that 



trF*\ HHTn) = sign ^ a iMii 



a. 



ii<---<i v aeS{ii,...,i p ) 

This leads us to the formula 



L(F) = ^(-iy 

p=0 



sign(a)a il<T(il ya ipa{ip) 

ii<---<i p tj£S(ii,...,i p ) 



We claim that this can be simplified considerably by making the observation 
det (Sij - ctij) = sign (a) (<5i CT (i) - «i ff (i)) ■ ■ ■ (S na ( n ) - a na{n) ) 



E 

aeS(l,...,n) 

E 

a£S(l,...,n) 



sign (a) (-l) p a lia(H) ■ ■ ■ a lpa(ip) 5 lp+l<j{lp+l) ■ ■ ■ S in<7{in) 
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where in the last sum {ii, i p , i p +i, i n } = {l,...,n}. Since the terms vanish 
unless the permutation fixes i p +i, ■■■,i n we have shown that 

L(F) =det (Sij -a i:j ). 

Finally we claim that the n x n matrix [a^] has integer entries. To see this 
first lift F to F : R n ->• R n and think of T n = W 1 /1 n where Z" is the usual integer 
lattice. Let be the canonical basis for K™ and observe that e Z™. The fact 
that F is a lift of a map in T™ means that F (x + e t ) - F (x) e Z™ for all a; and 
i = 1, ...,n. Since F is continuous we see that 

F (x + a) - F (x) = F (a) - F (0) = Ae t e Z" 

For some A = [a^] G Mat„ X n (Z) . We can then construct a linear homotopy 

H(x,t) = (l — t)F (x) + t (Ax) . 

Since 

H(x + e l ,t) = (l — t)F(x + eA + tA(x + e,- L ) 

= (1-t) (P (x) + Ae^j + t (Ax + A ei ) 

= (1-t) (P {xfj + t (Ax) + Ae t 
= H (x, t) + Ae, 

we see that this defines a homotopy on T n as well. Thus showing that F is homo- 
topic to the linear map A on T n . This means that F* = A*. Since A* (6{) = ajiOj, 
we have shown that [aiij] is an integer valued matrix. 



4.4.3. Complex Projective Space. The cohomology groups of P™ = CP™ 
vanish in odd dimensions and are one dimensional in even dimensions. The trace 
formula for the Lefschetz number therefore can't be too complicated. It turns 
out to be even simpler and completely determined by the action of the map on 
H 2 (¥ n ) , analogously with what happened on tori. To show this we need to find 
u> E H 2 (P n ) such that uj k £ H 2k (P n ) always generates the cohomology. We give 
a concrete description below. This description combined with the fact that r (P™) 
and P™ +1 — {p} are isomorphic bundles over P™ with conjugate structures, i.e., they 
have opposite orientations but are isomorphic over K, shows that the Euler class 
epi P G H 2 (P n ) also generates the cohomology of P n . 

Using the submersion C™ +1 - {0} -> P" that sends (z°, z n ) to [z° : • • • : z n ] 
we should be able to construct u on C™ +1 . To make the form as nice as possible we 
want it to be U (n + 1) invariant. This is extremely useful as it will force J pi cu to 
be the same for all P 1 C P™. Since ui is closed it will also be exact on C n+1 . We use 
a bit of auxiliary notation to define the desired 2-form u on C™ +1 — {0} as well as 



4.4. EXAMPLES OF LEFSCHETZ NUMBERS 



79 



some complex differentiation notation 



dz l 


= dx l + V 


-W 




dz l 


= dx l - V 


^ldy l 




df 

8z l 


1 (df 

2 \8x l 




dy l 


df 

8z l 


1 (df 

2 \dx i 


+ V- 


jdl 

dy l 


df 


?ldz< 

~ dz>' 






df 


df 

= d¥ dz - 







The factor \ and strange signs ensure that the complex differentials work as one 
would think 

dz3 {d?) = di = = d¥ = dz ~ J {a* 

dzj(^) = = dz>(£-. 
\dz l J \dz> 

More generally we can define du> and duj for complex valued forms by simply com- 
puting d and 8 of the coefficient functions just as the local coordinate definition of 
d, specifically 

8 (fdz h A • • • A dz l " A dz jl A • • • A dz j ") = df A dz 11 A • • • A dz'* A dz n A • • • A dz j " , 
8 (fdz h A • • • A dz l " A dz jl A • • • A dz j ") = df A dz 11 A • • • A dz** A dz jl A • • • A dz j ". 
With this definition we see that 

d = 8 + 8, 
8 2 = 8 2 = 88 + 88 = 
and the Cauchy-Riemann equations for holomorphic functions can be stated as 

8f = o. 



2 



Working on C™ +1 - {0} define 

$(z) = \og\z\ 

= log (z°z° + ■ ■ ■ + z n z n ) 

and _ 

LU = ^^d<9$. 
2tt 

As r 2 is invariant under U (n + 1) the form uj will also be invariant. If we multiply 
z € C" +1 — {0} by a nonzero scalar A then 

$(Az) = log (|Az| 2 ) = log|A| 2 + log|z| 2 

= log|A| 2 + 4>(z) 

so when taking derivatives the constant log | A | disappears. This shows that the 
form u> becomes invariant under multiplication by scalars. That said, it is not 
possible to define $ on P" as it is essentially forced to be constant and hence have 
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zero derivative. But it is defined in any given coordinate system as we shall see. 
It is called the potential, or Kahlcr potential of oj. Finally the form is exact on 
C«+! - {0} since 

dd = (8 + 8) 8 = dd 

To show that w is a nontrivial element of H 2 (P™) it suffices to show that 
J pl w^O. By deleting a point from P 1 we can coordinatize it by C. Specifically we 
consider 

P 1 = [z° : z 1 : : • • • : 0] , 
and coordinatize P 1 - {[0 : 1 : : • • • : 0]} by z -)• [1 : z : : • • • : 0] . Then 



10 



2ir 



88 log (1 + zz) 



-1 / / zdz 



2tt y \l + \z\ 
( 



1 8 {zdz) 



2ir 



1 + 
T I dz Adz 



2tt 1 + \z\ 



(d (l + M 2 )) 



zdz 



\ 



(zdz) A 



zdz 



(i + N 2 )' 



/ 



-1 I dz A dz \z\ dz A dz 



2^ ll + |z| 2 
v/^T cb A dz 

^(i + N 2 ) 2 

v/-T d (x + \f ZI ly) Ad(x- V^ly) 
~2^ (l + x 2 +y 2 ) 2 

v/^T 2\/^Tdy A dx 



27T (l +3 ;2 +y 2)2 

1 dx A dy 



K(l + x 2 +y 2 ) 
1 rdr A d# 
^(1 + r 2 ) 2 



If we delete the 7r in the formula this is the volume form for the sphere of radius 
| in stereographic coordinates, or the volume form for that sphere in Riemann's 
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conformally flat model. 

I id = I LU 

Jv 1 JP 1 -f[0:l:0:--.0]} 



{[0:l:0:-:0]} 

1 dz A dz 



1 dx A dy 
1 f°° f 271 rdr A d6 



nJo Jo (l + r 2 Y 
r °° 2rdr 



,oc , 

Jo (T 



(l + r 2 )' 
= 1. 

The fact that this integral is 1 also tells us that w is the dual to any P™ -1 c P". 
To see this let 

p = [1:0:0: • • • : 0] , 
P™- 1 = {[O:* 1 : ••• :z n ] : (z\...,z n ) G C™ - {0}} . 

Then we know that 

P" - p = { [z : z 1 : • • • : z n ] : (z\ z n ) G C™ — {0} and z e C} . 

and there is a retract r : P™ — p — > P" _1 , whose fibers consist of the P 1 s that pass 
through p and a point in P" -1 . More precisely 

(roy 1 ([0 : z 1 : • • • : z n ]) - {p} = { [z : z 1 : • • • : z n ] : z e C} . 

Since w is closed and integrates to 1 over these fibers it must be the dual to P™ _1 c 
P n . This shows that 



f Uj n = f LO U 

- / 

JV 

= f oj n ~\ 

Jpn-1 



Next we note that the restriction of to to P™ -1 is simply our natural choice for w 
on that space so we have proven that 



[ LJ n = [ w"- 1 

- h 

jpi 



= i. 

This means that u k € H 2k (P n ) is a generator for the cohomology. 
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Now let F : P™ -> P™ and define A by F* (u) = Xlu. Then F* (uj k ) = X k u k and 

L (F) = 1 + A + • • • + X n 

If A = 1 this gives us L (F) = n + 1, which was the answer we got for maps from 
Gln+i (C) . In particular the Euler characteristic \ (P™) = n + 1. When A ^ 1, the 
formula simplifies to 

1 - A™ +1 

Since A is real we note that this can't vanish unless A = — 1 and n+ 1 is even. Thus 
all maps on P 2n have fixed points, just as on MP 2 ". On the other hand P 2n+1 does 
admit a map without fixed points, it just can't come from a complex linear map. 
Instead we just select a real linear map without fixed points that still yields a map 
on P 2rl+1 



I([z° -.z 1 :•••]) = [-z 1 :z° 



If / fixes a point then 



which implies 



-Xz 1 



z°, 



Xz° = z 1 



|A|V 



for all i. Since this is impossible the map does not have any fixed points. 

Finally we should justify why A is an integer. Let i*\ = F\ P i : P 1 — > P" and 
observe that 



Jf 1 

F* ( W ) 



pi 

We now claim that F\ is homotopic to a map P 1 — > P 1 . To see this note that 
F\ (P 1 ) C P™ is compact and has measure by Sard's theorem. Thus we can find 
p i im(Fi) U P 1 . This allows us to deformation retract P" - p to a P"" 1 D P 1 . 
This P™ -1 might not be perpendicular to p in the usual metric, but one can always 
select a metric where p and P 1 are perpendicular and then use the P™ _1 that is 
perpendicular to p. Thus F 1 : P 1 -> P™ is homotopic to a map F 2 : P 1 -> P™ -1 . 
We can repeat this argument until we get a map F„ : P 1 — > P 1 homotopic to the 
original F\. This shows that 

A = f F*H 
Jf 1 

= f KM 

Jf 1 

= dcg(F„) f to 
Jf 1 

= deg(F n ). 
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4.5. The Euler Class 

We are interested in studying duals and in particular Euler classes in the special 
case where we have a vector bundle tt : E — > M and M is thought of a submanifold 
of E by embedding it into E via the zero section. The total space E is assumed 
oriented in such a way that a positive orientation for the fibers together with a 
positive orientation of M gives us the orientation for E. The dimensions are set up 
so that the fibers of E — > M have dimension m. 

The dual n M £ H™ (E) is in this case usually called the Thorn class of the 
bundle E — > M. The embedding M C E is proper so by restriction this dual defines 
a class e (E) £ H m (M) called the Euler class (note that we only defined duals 
to closed submanifolds so H c (M) = H (M) .) Since all sections s : M — > E are 
homotopy equivalent we see that e(E) = s*t]m- This immediately proves a very 
interesting theorem generalizing our earlier result for trivial tubular neighborhoods. 

Theorem 4.5.1. If a bundle n : E — > M has a nowhere vanishing section then 
e (E) = 0. 

Proof. Let s : M — > E be a section and consider C ■ s for a large constant 
C. Then the image of C ■ s must be disjoint from the compact support of t]m and 
hence s* {n M ) =0. □ 

This Euler class is also natural 

PROPOSITION 4.5.2. Let F : N -> M be a map that is covered by a vector 
bundle map F : E' — > E, i.e., F is a linear orientation preserving isomorphism on 
fibers. Then 

e{E') = F* (e(E)). 

An example is the pull-back vector bundle is defined by 

F* (E) = {{p, v) £ N x E : tt (v) = F (q)} . 

Reversing orientation of fibers changes the sign of nfj and hence also of e (E). 
Using F = id and F (v) — —v yields an orientation reversing bundle map when k is 
odd, showing that e (E) = 0. Thus we usually only consider Euler classes for even 
dimensional bundles. 

The Euler class can also be used to detect intersection numbers as we have 
see before. In case M and the fibers have the same dimension, we can define the 
intersection number I (s, M) of a section s : M — > E with the zero section or simply 
M. The formula is 

I(s,M) = [ s*(e(E)) 

J M 

= [ e(E) 

JM 

since all sections are homotopy equivalent to the zero section. 

In the special case of the tangent bundle to an oriented manifold M we already 
know that the intersection number of a vector field X with the zero section is the 
Euler characteristic. Thus 

X (M)=I(X,M)= [ e (TM) 

JM 
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This result was first proven by Hopf and can be used to compute \ using a 
triangulation. This is explained in [Guillemin- Pollack] and [Spivak]. 

The Euler class has other natural properties when we do constructions with 
vector bundles. 

Theorem 4.5.3. Given two vector bundles E -> M and E' -> M, the Whitney 
sum has Euler class 

e(E (B E 1 ) =e(E) Ae(E'). 

Proof. As we have a better characterization of duals we start with a more 
general calculation. 

Let 7r : E — > M and tt' : E' — > M' be bundles and consider the product bundle 
tt x n' : E x E' ^ M x M' . With this we have the projections m : E x E' — )■ E 
and 7r 2 : E x E' — > E' . Restricting to the zero sections gives the projections m : 
M x M' -> M and ir 2 : M x M' -> M'. We claim that 

VmxM' = (-1) W tt? (f, M ) A tt* (ry M G i/ c m+m ' x £') . 

Note that since the projections are not proper it is not clear that 7rf (??m) A7r| (j]m') 
has compact support. However, the support must be compact when projected to 
E and £" and thus be compact in E x E' . To see the equality we select volume 
forms lu e ff" (M) and u>' G ff n ' (M') that integrate to 1. Then tt'I (u) A tt\ (J) is 
a volume form on M x M' that integrates to 1. Thus it suffices to compute 

/ ttJ (?7m) A tt; (t} M >) A (tt x tt')* « (w) A tt^ (w')) 

J ExE' 

= / <(? ? M)A7r 2 *(?7M')A<(7r*(a;))A7r 2 *((7r / )*(a; / )) 

= (-1)"""' / ^"i (r?M) A < (tt* (w)) A tt* ( Vm >) A tt* ((tt')* (a/)) 

J ExE' 

= (-1)"""' A ^* ( W )) A (tt')* (a/)) 

When we consider Euler classes this gives us 

e (E x E') = tt{ (e (E)) A ir* 2 (e (M ')) € # c ro+ro ' (M x M') . 

The sign is now irrelevant since e (M 1 ) = if m' is odd. 

The Whitney sum E 1 © £" — > M of two bundles over the same space is gotten 
by taking direct sums of the vector space fibers over points in M. This means that 
E (B E' — (id, id)* (E x E 1 ) where (id, id) : M -> M x M since 

(id, id)* (E x E') = {(p, v, v') e M x E x E' : tt (v) = p = tt' (V )} = E © E'. 

Thus we get the formula 

e(EQ)E') = e(E) Ae(E') . 

□ 

This implies 

Corollary 4.5.4. // a bundle n : E — > M admits an orientable odd dimen- 
sional sub-bundle F C E, then e (E) = 0. 
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Proof. We have that E = F@E/F or if E carries an inner product structure 
E = F(B F- 1 -. Now orient F and then E/F so that F®E/F and E have compatible 
orientations. Then e (E) = e (F) A e (E/F) = 0. □ 

Note that if there is a nowhere vanishing section, then there is a 1 dimensional 
orientable subbundle. So this recaptures our earlier vanishing theorem. Conversely 
any orientable 1 dimensional bundle is trivial and thus yields a nowhere vanishing 
section. 

A meaningful theory of invariants for vector bundles using forms should try 
to avoid odd dimensional bundles altogether. The simplest way of doing this is 
to consider vector bundles where the vector spaces are complex and then insist on 
using only complex and Hermitian constructions. This will be investigated further 
below. 

The trivial bundles R m © M all have e (R m © M) = 0. This is because these 
bundles are all pull-backs of the bundle M. m © {0} , where {0} is the 1 point space. 

To compute e (r (P™)) recall that r (P rl ) is the conjugate of P rl+1 - {p} -> P™ 
which has dual r/pn = ui. Since conjugation reverses orientation on 1 dimensional 
bundles this shows that e (r (P™)) = — uj. 

Since X (P™) = n + 1 we know that e (TP™) = (n + 1) w". 

We go on to describe how the dual and Euler class can be calculated locally. 
Assume that M is covered by sets Uk such that E\jj k is trivial and that there is a 
partition of unit relative to this covering. 

First we analyze what the dual restricted to the fibers might look like. For 
that purpose we assume that the fiber is isometric to M m . We select a volume form 
i\) e il" 1 ^ 1 (5 m_1 ) that integrates to 1 and a bump function p : [0, oo) — > [—1,0] 
that is —1 on a neighborhood of and has compact support. Then extend ip to 
W n - {0} and consider 

d (pip) = dp A 

Since dp vanishes near the origin this is a globally defined form with total integral 




= (p(oo)-p(O)) 
= 1. 

Each fiber of E carries such a form. The bump function p is defined on all of E 
by p(v) = p(\v\) , but the "angular" form ip is not globally defined. As we shall 
see, the Euler class is the obstruction for ip to be defined on E. Over each Uk the 
bundle is trivial so we do get a closed form ipk € (S (E\u k )) that restricts 

to the angular form on fibers. As these forms agree on the fibers the difference 
depends only on the footpoints: 

ipk-ipl = 7T*<fe, 

where (f> k i <E fi m_1 (Uk H U{) are closed. These forms satisfy the cocycle conditions 

4>u = -<t>ik, 
4>ki + 4>ii = 4>u- 

Now define 
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and note that the cocycle conditions show that 

£k - Si = ^ K<t>ki - ^ \<Pli 

i i 

= ^ Ai {fai - <t>u) 

i 

= X] Ai< ^ M 

i 

= 4>ki- 

Thus we have a globally defined form e = de k on M since d(e k — Ei) = d(f>ki = 0. 
This will turn out to be the Euler form 



Next we observe that 



so 



e = d ^2 Ai0fei^ =y~ K j d\ l A. 



ir*s k - ir*e t = tp k - ip t 



ip = ip k - ir*e k 

defines a form on E. This is our global angular form. We now claim that 

V = d (pip) 

= dp A ip + pdip 
= dp Aip — pTT*dek 
= dpAip — pir*e 

is the dual. First we note that it is defined on all of E, is closed, and has compact 
support. It yields e when restricted to the zero section as p (0) = —1. Finally when 
restricted to a fiber we can localize the expression 

rj = dp A ipk — dp A ir*£k — p7r*e. 

But both 7r*£fc and 7r*e vanish on fibers so 77, when restricted to a fiber, is simply 
the form we constructed above whose integral was 1. This shows that 77 is the dual 
to M in E and that e is the Euler class. 

We are now going to specialize to complex line bundles with a Hermitian struc- 
ture on each fiber. Since an oriented Euclidean plane has a canonical complex 
structure this is the same as studying oriented 2-plane bundles. The complex 
structure just helps in setting up the formulas. 

The angular form is usually denoted d6 as it is the differential of the locally 
defined angle. To make sense of this we select a unit length section s k : Uk — > 
S (E\ Uk ) . For v e S (E\ Uk ) the angle can be defined by 

v = h k (v) s k = e^~ T9k s k . 
This shows that the angular form is given by 

-dh k 



d6 k = -V-1-, 
hk 



ldlog/ife. 
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Since we want the unit circles to have unit length we normalize this and define 

On U k n Ui we have that 
So 



ifj k = — d\ogh k . 



hisi =v = h k s k 



(hi) 1 h k s k = st. 

But (hi)~ h k now only depends on the base point in U k n Ui and not on where 
might be in the unit circle. Thus 

ir*gu = 9ki o 7T = h k {h{)~ 
where g k i : U k fl CTj — > S 1 satisfy the cocycle conditions 

(9kl) 1 = 9lk 
9ki9il = 9kl- 

Taking logarithmic differentials then gives us 



v/-l *dg kt 

— 7T 

2tt g kl 



2tt 



-TT*d\og (g. 



-1 



2tt 



d\og(h k 



-1 



2tt /i fe 



2tt 



rflog (/l/) 



2tt hi 



Thus 



£fe — 



^ = 



2tt 



1 Ajdlog (g kl ) , 



-1 d/ifc 



27T h k 



7T £fc 



cfe fc 



^2 dx < A dlo & (9ki) 



This can be used to prove an important result. 

Lemma 4.5.5. Let E — > M and E' ^ M be complex line bundles, then 

e (horn (£,£')) = -e (S) + e (£^) , 
e{E®E') = e(E) + e(E'). 
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PROOF. Note that the sign ensures that the Euler class vanishes when E = E' . 

Select a covering Uk such that E and E' have unit length sections Sk respectively 
tk on Uk- If we define Lk £ hom(E, E') such that Lk (sfe) = tk, then hk is a unit 
length section of horn (E, E') over Uk- The transitions functions are 

9klSk = si, 

9kih = U- 

For horn [E, E') we see that 

Li (sfe) = hk (gikm) 

= gikU (si) 

= gikti 

= 9lk9kltk 

= (dkl) 1 9kltk 

Thus 

Li = (gki) 1 §kiLk- 

This shows that 

e (horn (£,£')) = ^ rfA * A dlo § fffci) 

i 

= ^^^dXi A dlog(g kl ) - d\ t A dlog (</ fei ) 

z i 

= -e{E) + e(E'). 
The proof is similar for tensor products using 

si®ti = (gkiSk) <8> {Skltk) 
= 9ki9ki (sk <2> t k ) ■ 

□ 

4.6. Characteristic Classes 

All vector bundles will be complex and for convenience also have Hermitian 
structures. Dimensions etc will be complex so a little bit of adjustment is sometimes 
necessary when we check where classes live. Note that complex bundles are always 
oriented since Gl m (C) C Gl\ m (R) . 

We are looking for a characteristic class c (E) £ H* (M) that can be written as 

c(E) = c (E) + ci (E) + c 2 (E) + ■ ■ ■ , 

c (E) = lefl°(M), 

Cl (E) £ H 2 (M), 

c 2 (E) £ H 4 (M), 

c m (E) = e(E)£H 2m (M), 
ci (E) = 0, 1 > m 
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For a 1 dimensional or line bundle we simply define c (E) = 1 + c\ (E) = 1 + e (E) . 
There are two more general properties that these classes should satisfy. First they 
should be natural in the sense that 

c(E) = F* (c(E')) 

where F : M — > M' is covered by a complex bundle map E — > E' that is an 
isomorphism on fibers. Second, they should satisfy the product formula 

c{E®E') = c{E)Ac(E') 

m+m' p 

= e i>(£) a 

p=0 i=0 

for Whitney sums. 

There are two approaches to defining c (E) . In [Milnor-Stasheff] an inductive 
method is used in conjunction with the Gysin sequence for the unit sphere bundle. 
As this approach doesn't seem to have any advantage over the one we shall give 
here we will not present it. The other method is more abstract, clean and does not 
use the Hermitian structure. It is analogous to the construction of splitting fields 
in Galois theory and is due to Grothendieck. 

First we need to understand the cohomology of if* (P (E j) . Note that we have 
a natural fibration ir : P (E) — »■ M and a canonical line bundle r (P (E)) . The Euler 
class of the line bugle is for simplicity denoted 

e = e(r (P (£?))) G if 2 (P (E)) . 

The fibers of P (E) — > M are p m_1 and we note that the natural inclusion i : 
P m_1 -> P (E) is also natural for the tautological bundles 

i* (t (P (£))) =r(P m - 1 ) 

thus showing that 

( e ) =e(r (P™- 1 )) . 

As e(r(P m_1 )) generates the cohomology of the fiber we have shown that the 
Leray-Hirch formula for the cohomology of the fibration P (E) — > M can be applied. 
Thus any element oj e (P (E 1 )) has an expression of the form 

m 

w = ^tt* ( W ,)Ae m -' 
where u>i € 7f* (M) are unique. In particular, 

= (-e) m +7r*( Cl (E))A(- e r- 1 + ---+^( Cfc _ 1 (ii;))A(- e )+7r*( Cfe (E)) 

m 

= ^^7r* (cj (E)) A (— e) m_ * 

i=0 

This means that if* (P is an extension of if* (M) where the polynomial 

t m + ci (£7) f"- 1 + • • • + c ro _! (£■) * + c m (E) 

has — e as a root. The reason for using — e rather than e is that — e restricts to the 
form u> on the fibers of P (E) . 
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Theorem 4.6.1. Assume that we have vector bundles E — > M and E' M' 
both of rank m, and a smooth map F : M — > M' that is covered by a bundle map 
that is fiberwise an isomorphism. Then 

c(E) = F* (c(E')). 

Proof. We start by selecting a Hermitian structure on E' and then transfer 
it to E by the bundle map. In that way the bundle map preserves the unit sphere 
bundles. Better yet, we get a bundle map 

tt* (E) h. (ttT (E') 

that also yields a bundle map 

t(P (E)) ->t(P (£?))■ 
Since the Euler classes for these bundles is natural we have 

F* (e') = e 

and therefore 

= F*{f^c i {E')A{-e') m -^ 

m 
i=0 

Since a (E) are uniquely defined by 

m 
i=0 

we have shown that 

Cl (E) = F* Cl (E') . 

□ 

The trivial bundles C m ® M all have c (C m © M) = 1. This is because these 
bundles are all pull-backs of the bundle C m © {0} , where {0} is the 1 point space. 

To compute e (r (P n )) recall that r (P n ) is the conjugate of P" +1 - {p} -> P™ 
which has dual rjp n = u>. Since conjugation reverses orientation on 1 dimensional 
bundles this shows that e (r (P™)) = — oj. 

The Whitney sum formula is established by proving the splitting principle. 

Theorem 4.6.2. // a bundle tt : E -> M splits E = L\ © • • • © L m as a direct 
sum of line bundles, then 

m 

c(E) = H(l + e(L i )). 

i=l 

Proof. We pull everything back to P (E) but without changing notation and 
note that it then suffices to prove that 

m 

= H(-e + e(L i )). 
»=i 
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This is because n£Li (~ e + e (-^»)) i s a polynomial in e of degree m whose coeffi- 
cients are forced to be the characteristic classes of E. The theorem then follows if 
we consider how 



and 



are multiplied out. 
To see that 



i=i 

m 

jJ(-e + e(L t )) 



i=i 



IJ(-e + e(Li))=0 
»=i 

we identify — e + e (Li) with the Euler class of horn (r, Lj). This shows that 

m / m \ 

^(-e + e^)) = e 0hom(r,L 4 ) 
i=i \i=i / 

= e (horn (t, Li • • • ® i m )) 

= e {horn (t,E)) 

= e (horn (r,r r- 1 )) 

= e (horn (t, t)) A e (horn (t, t^)) 

= 

since horn (r, r) has the identity map as a nowhere vanishing section. □ 

The splitting principle can be used to compute c (TP™) . First note that TP™ ~ 
horn (t (P"),t(P")- L ) . Thus 

TP"®C = hom(r(P rl ),T(P")- L ) ®C 

= horn (t (P") , t (P™)- 1 ) ® horn (r (P n ) , r (P")) 

= hom(r(P"),T(P™)- L ffiT(P")) 
= horn (r (P") , C" +1 ) 

= horn (r (P n ) , C) © • • • 8 horn (r (P") , C) . 



Thus 



This shows that 



which conforms with 



c(TP") = c(TP"®C) 
= (l+c)" +1 . 



e (TP") = c„ (TP") = (n + 1) w n . 
We can now finally establish the Whitney sum formula. 



4.7. THE GYSIN SEQUENCE 



92 



Theorem 4.6.3. For two vector bundles E ->• M and E' -» M we have 
c(E@E') = c(E) Ac(E') . 

PROOF. First we repeatedly projectivize so as to create a map N — > M with 
the property that it is an injection on cohomology and the pull-back of E to N 
splits as a direct sum of line bundles. Then repeat this procedure on the pull-back 
of E' to N until we finally get a map F : N — > M such that F* is an injection on 
cohomology and both of the bundles split 

F* (E) = L 1 e-"8im, 
F*(E') = K 1 ®---®K m , 

The splitting principle together with naturality then implies that 

F* (c (E E')) = c (F* (E © E')) 

= c (L^ A • • • A c (L m ) A c (if!) A • • • A c (K m ,) 
= c(F*(E))Ac(F*(E')) 
= F*c(E) AF*c(E') 
= F* (c (E) A c (E')) . 
Since F* is an injection this shows that 

c(E®E')=c(E)Ac(E'). 

□ 

4.7. The Gysin Sequence 

This sequence allows us to compute the cohomology of certain fibrations where 
the fibers are spheres. As we saw above, these fibrations are not necessarily among 
the ones where we can use the Hirch-Leray formula. This sequence uses the Euler 
class and will recapture the dual, or Thorn class, from the Euler class. 

We start with an oriented vector bundle ir : E — > M. It is possible to put 
a smoothly varying inner product structure on the vector spaces of the fibration, 
using that such bundles are locally trivial and gluing inner products together with 
a partition of unity on M. The function E — >• R that takes v to \v\ 2 is then smooth 
and the only critical value is 0. As such we get a smooth manifold with boundary 

D(E) = {veE: \v\ < 1} 

called the disc bundle with boundary 

S (E) =dD(E) = {veE: \v\ = 1} 

being the unit sphere bundle and interior 

int.D (E) = {v e E : \v\ < 1} . 

Two different inner product structures will yield different disc bundles, but it is easy 
to see that they are all diffeomorphic to each other. We also note that int-D (E) 
is diffeomorphic to E, while D (E) is homotopy equivalent to E. This gives us a 
diagram 

-> HP(mtD(E)) -> HP(D(E)) -> H p (S (E)) -> HP+ 1 (mW (E)) -)• 

I t t t 

-> HP(E) -> HP(E) -> HP(S(E)) — » HP +1 (E) -> 
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where the vertical arrows are simply pull-backs and all are isomorphims. The 
connecting homomorphism 

H p (S (E)) -> H^ +1 (intD (E)) 

then yields a map 

H p (S(E)) — » (£) 

that makes the bottom sequence a long exact sequence. Using the Thorn isomor- 
phism 

JJP-m ( M ) ^ #p 

then gives us a new diagram 

-> HP- rn (M) i?P(M) -> HP(S(E)) —+ HP +1 - m (M) -> 

| ry M A 7T* (•) | $ | 

-> HP(E) -> -> HP(S(E)) -> HP +1 (E) -> 

Most of the arrows are pull-backs and the vertical arrows are isomorphisms. The 
first square is commutative since 7r*i* (t/m) = ( e ) is represented by ?7 M in 
_ff m (£7) . This is simply because the zero section I : M E and projection 
7r : E — > M are homotopy equivalences. The second square is obviously com- 
mutative. Thus we get a map 

H p (S(E)) — > (M) 

making the top sequence exact. This is the Gysin sequence of the sphere bundle of 
an oriented vector bundle. The connecting homomorphism which lowers the degree 
by m — 1 can be constructed explicitly and geometrically by integrating forms on 
S (E) along the unit spheres, but we won't need this interpretation. 

The Gysin sequence also tells us how the Euler class can be used to compute 
the cohomology of the sphere bundle from M. 

To come full circle with the Leray-Hirch Theorem we now assume that E — > M 
is a complex bundle of complex dimension m and construct the projectivized bundle 

P (E) = {(j),l):ic 7T _1 (p) is a 1 dimensional subspace} 

This gives us projections 

S (E) -> P (E) -> M. 
There is also a tautological bundle 

T(F(E)) = {(p,L,v):vGL}. 
The unit-sphere bundle for r is naturally identified with S (E) by 

S(E) -+ S (r(P (25))), 
(p,v) -> (p, span {«},«). 

This means that S 1 is part of two Gysin sequences. One where M is the 
base and one where P (E) is the base. These two sequences can be connected in a 
very interesting manner. 

If we pull back E to P (E) and let 

t 1 - = {(p,L,w) : w € L^} 
be the orthogonal complement then we have that 

7T* (e (E)) = e (tt* (E)) = e (t (P (£))) A e (r^) G if* (P (E)) . 
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Thus we obtain a commutative diagram 




\ 



HP(S(E)) 



\ 



H p-2m ( M ) ^J 5 ^' H p ( M ) 



What is more we can now show in two ways that 



spanjl^,...^™- 1 } ®H* (M) -> iT (P (£7)) 



is an isomorphism. First we can simply use the Leray-Hirch result by noting that 
the classes 1, e, ...,e m_1 when restricted to the fibers are the usual cohomology 
classes of the fiber P m . Or we can use diagram chases on the above diagram. 



There are several texts that expand on the material covered here. The book by 
[Guillemin-Pollack] is the basic prerequisite for the material covered in the early 
chapters. The cohomology aspects we cover here correspond to a simplified version 
of [Bott-Tu]. Another text is the well constructed [Madsen-Tornehave] , which 
in addition explains how characteristic classes can be computed using curvature. 
The comprehensive text [Spivak, vol. V] is also worth consulting for many aspects 
of the theory discussed here. For a more topological approach we recommend 
[Milnor-StashefF]. Other useful texts are listed in the references. 



4.8. Further Study 
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